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ABSTRACT

Reduction of computation effort in water resource optimization problems cunbe made throughamodification of
the optimization technique instead of limiting development of the system models. Considerations are presentud
herein which lead to the development of a heuristic application of deterministic optimization techniques.  The
modification enables reduction of computation to take place while achieving results that approximate the optimum.
The modified application of dynamic programming is made for a single reservoir system problem, illustration the
technique and the achievement of near optimum performance.

Stochastic optimization techniques that are used in water resource systems engineering are presented. A
heuristic alternate stochastic optimization technique is then described and suggested asan improvement. Feasible
use of this alternate is possible since observations on planning horizons are employed in computation reduction.
For a single reservoir system, the techniques are applied and compared. Computation costs are reduced and system
performance is improved with the use of the alternate.

Several studies are outlined which illustrate changes in the technique results with changes in the problem

formulation. The techniques work well for all problem variations considered here and indicate the techniques
perform best for realistic problem formulations.
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; CHAPTER |
INTRODUCTION

Much work has been done in the past in developing
theory and methodologies that arc necessary for analy-
zing water resource problems. Of concern here, is the
engineering application of various methods to such
problems.  In the design of water resource projects,
the desire to achieve a "good" or "best" project has
been expressed in many ways. Various rescarchers (28,
35,36,39) have worked with the practical aspects of de-
signing a water resource project of optimum size using
specified operating rules. In the optimum design of a
water resource project, determination of the optimum
configuration and the optimum operating rules of the
project is necessary for hoth the design and the subse-
quent use of the project (2,21,40). Other researchers
(10,15,31) have concerned themselves with the aspects
of designing a water resource project of optimum size
and configuration which operates in an optimum manner.
Roefs (40) has reviewed the design procedure for finding
the optimum size and configuration and the optimum op-
erating rules for a water resource project. According
to both Roefs (40), Beard (2) and others (21), the
study of a system of a given size and configuration, to
determine its optimum operating rules, is a component
{most times) of the above design procedure. This sub-
problem, of finding the optimum operation for a water
resource system in a practical manner, has been of major
concern in recent yearsand is the subject of this study.

As pointed out by Labadie (24), "there are essen-
tially three approaches to the rational planning of
future control policies: deterministic, stochastic and
adaptive." Although therc are still some problems
solved deterministically (5,9,16), sometimes onlv for
purposes of illustration of a technique (12,18,33),
most problem solutions today are in the stochastic
realm (1,10,15,22,25,26,27,41,47,48). In the adaptive
approach, effort ismade to incorporate mew information
into the decision problem as it becomes available. For
example, in the monthly operation of a reservoir, more
data on inflows into the rescrvolr is available each
month. This additional data can then be used in the
determination of future reservoir operation. Some
work has been done using (or at lecast concerned with)
the adaptive approach (17,20,24). Closely related to
the adaptive approach is work that has been done ln the
field of forecast use and its effects on the determina-
tion of the optimum operation of a system (11,45,48).
The purpose of this study
methodologies (which are adaprive} for the determina-
tion of the water resource systems optimum operation.

The definition of the objective in an optimization
study has been different in various studies (40). Some
researchers (26,48) have optimized operations by mini-
mizing losses associated with failing to meet target
demands. Others (9,12,16) have optimized by maximizing
the net total benefit (or minimizing the net total
cost) realized from system outputs, Still others
(25,26,27,29) have optimized by maximizing the expected
value of the net total benefit for the system. Still
others (24,27,47) have optimized by maximizing the
expected value of the net total benefit possible in the
remaining stages of a system's operation, determining
the decision at cach stage. In this study, the objec-
tive is to maximize the actual return (net total bene-
fit) for the system. From this point on, the nct total
benefit will be referred toas simply the total benefit.

is to develop heuristic

Within the various metheds in use  today are
certain disadvantages (outlined in later sections)
which limit their applicability  and/or results, In
this study. applications of optimization techniyues are
introduced that are free of these disadvantages, for
many problems common to the wiater resource field. Other
methods are available which result in problem reduc-
tion, simplification and approximation. thereby al-
lowing various optimization techniques to be applied
to obtain the optimum solution for the reduced problem
(2,40,43). The methodology to be presented here will
accept a small deviation from the maximum total bene-
fit, to achieve results for more complex and detailed
problems than were otherwise possible with limited
computational facilities. At the same time the meth-
odology will allow for inclusion of more data as it
becomes available in real time.

The methodology to be presented consists of two
heuristic techniques: a modified application of de-
terministic optimization techniques which achieves
desired degrees of suboptimum performance without re-
ducing the problem, and an alternative stochastic op-
timization technique which does not have the disadvan-
tages of present stochastic optimization techniques.
The two techniques will be combined to provide an ef-
ficient method of estimating optimum operations for a
system,

The problems of concern here are those which are
represented by discrete variables. Most optimization
problems, both deterministic and stochastic, wuse dis-
crete representation in practice (1,2,12,15,17,18,21,
24,26.27,40,41,48). It is desired to develop methods
which compete with existing methods in analyzing the
same complex systems. Therefore, discrete representa-
tion is made part of all the following definitions.
The writer is aware of the controversial problem of
selecting discrete variables to represent continuous
variables and of the loss of information which is con-
sequent. That problem is not treated in this study.
The study presented herein deals with the problem so-
lutions after the discretization has already been made.

As mentioned again later, this study is concerned
with the design and/or operation of a water resource
system assuming that the stochastic hydrology is ade-
quately represented. For comments and studies where
imperfect modelling of the stochastic hydrology affects
the system design, sec (4,7,11,54,44).

The two heuristic developments for the determin-
istic and stochastic problems are presented respec-
tively. First, necessary definitions, theory and ap-
plication are presented for the deterministic case.
These results are utilized in the stochastic case.
Further definitions, discussion, development and ap-
plication are presented for the stochastic case. Ob-
servations on how the techniques perform are presented
in a study to find the adequacy of the methods for
various reservoir problems. Finally, suggestions,
conclusions and a discussion are presented.



CHAPTER II

DETERMINISTIC OPTIMIZATION

Computer simulation has grown to playa large part
in the optimum planning and operation of water resource
systems. As planning and operating needs for more
complex systems grow, the demand on computational fa-
cilities will increase. There are computation require-
ments associated with the application of optimization
techniques to system models. When these requirements
exceed the facilities, the techniques cannot be applied.
Instead, a limitation on the development of the system
models has to be affected tomake the solution feasible.
Thus, a loss in model representation of the system is
traded for computational feasibility. However, if a
reduction in the computational requirements can be made
by modifying the optimization technique, then the so-
lution may become feasible without limiting the models.
There are numerous examples in water resources of prob-
lems where reduction in computation was achieved through

"modification of the optimization technique (25,40).
For dynamic programming examples, see (13,18,32). The
modifications in each case are particular to the opti-
mization technique involved.

There are considerations that would enable a mod-
ified application of any optimization technique to
various water resource problems, to reduce required
computations without simplifying the problem. In addi-
tion, these considerations also result in several
specific advantages associated with particular optimi-
zation techniques. This chapter gives some theoretical
insight into these considerations, some resulting mod-
ifications to be made to applications of optimization
techniques, an application to a typical problem and a
discussion of advantages associated with different op-
timization techniques.

DEFINITIONS

The System Model - Consider a system (one or more
reservoirs) operating over a period of time (the oper-

ation horiaonl) of N stages. At each stage, the system
has inputs into it and outpute from it which determine
the state of the system at that stage. Part or all of
the outputs are determined as the system decisions at
each stage. The system state may be a function of
inputs, outputs, decisions and states at any stages
previous to that stage. In the definitions here, the
state at each stage may not be a function of any vari-
ables whose values occur in future stages. Thus, as the
system operates there will be vectors of inputs, out-
puts, states and decisions occurring at each stage.
Over N stages, the systems operation will be charac-
terized by the matrices of inputs, outputs, states and
decisions which occur. The system will be considered
to operate, on a stage by stage basis, by going through
the following steps in order: i) at the beginning of
the jth time interval, the stage is Jj and the state
vector is sj, ii) the input vector, Ij oceurs imme-

diately after the beginning of the jth time interval,
iii) the decision vector dj then occurs, determining

the output vector, Oj and the new state vector

s,
i+l
at the end of the jth time interval and the bheginning

of the j+«Ith time interval.

1 The operation of a system in practice may often

here, the system is considered as operating only over
Extensions of operation beyond the operation horizon

GCeneral Comments.

extend over the original desion period, For
Pts operation hovizon after which the systemis defunct.

The system must operate according to its inherent
usehavior (expressed by suitable models) subject to its
set of constraints and boundary conditions. Some sys-
tems definitions (19) regard the input matrix as part
of the constraint set, but the above definition is most
convenient for the purposes here.

The Cptimization Froblem - System performance at
cach stage may be evaluated by assignment of a »alue
funerion at each stage to the decision, output, input
and state vectors which occurat that stage and previous
stages. For example, a reservoir operation at a stage
might be judged in relation to the economic benefit
realized from irrigation. Such a benefit might depend
on the reservoir outflows and inflows of the present
and several past stages. In this presentation, such
values are regarded as being functions of only the
present and past system state and decision vectors,
past input and output vectors and past values them-
selves. Thus, at each stage, givenall past conditions,
the value at that stage is a function only of the pre-
sent stage decision. As the system operates over the
operation horizon, there will be a value vector gener-
ated. The system performance over all N stages may
be evaluated through the use of an objective funciion
which assigns a single total value of system perfor-
mance to every possible value vector. The objective
functions considered here (see (8,30,37)) are restricted
to those which are separable, i.e.:

Blvy ()5 vo(edieens vy(*)) = 8y lvg (s B,(v, ()5

Vo (tdienes vy 1 (4))) (1)

and in which @; is a monotonically nondecreasing

function of 8, for every vy(+). These twoconditions

imply (37) that the N

posed, i.e.:

stage problem can be decom-

max B {vl(dl;-);...; VN(dN;-]) = gax BI[VN{dN;');

dgsernaty N
max By (v (die)ieees vy (dy 13D)] (2)
dpseenndy

In the above equations, B
function und V-l( )

represents the objective
represents the value function at

the ith stage.  The above assumptions are not as re-
strictive as they might seem for practical objective
functions which usually involve a sum of terms.

Optiminat fon means  the selection of a deeision
matrix (designated asan optimm decision matriz) which
results in a  value vector with a highest (or lowest)
total value uas given by the objective function (as-
suming that a highest or lowest value exists). This
selection is made through the use of a deterministic

/e, Optimization is constrained to
only those b ogafide decision matrices which result in
system state and output matrices and operations which
satisty the svstems inherent  behavior and set of con-
straints and boundiry eonditions,

gl Eonteva b Tt batesin

the purposes

are iseussed in Chapter Voin the section entitled:



An optimization of system performance has meaning
only for a given input matrix, For different input
matrices, an optimization will result in the selection
of different optimum decision matrices and different
maximum total values. It is assumed here that a '"tie-
breaking'" procedure exists within the optimization
process when more than one optimum decision matrix
gives the highest total value. Thus, the optimization
procedure results in the specification of a unique
optimum decision matrix for each input matrix.

The Firat Stage Decision as ¢ Random Varigble -
The above definitions and concepts may be regarded as
follows, The system formulation, objective function,
system value functions and deterministic optimization
technique operate as a vector valued function. The
"domain'' of this function is the set of all possible
input matrices. For every element (input matrix) in
this domain, the function assigns a unique "point" in
its range. Each "point" is an optimum decision matrix
of real numbers and the range of this function is the
set of optimum decision matrices.

If only the first stage decision vector was de-
sired, an optimization could be performed, the first
stage decision vector noted and the rest of the optimum
decision matrix disregarded. This optimum initial
decigion vector from an N stage optimization is real
valued and is given uniquely according to the prior
definition of optimization. Thus, the determination of
the optimum initial decision vector operates as a vector
valued function also.

The domain of input matrices may be regarded as a
sample space. The time series structure of the inputs
defines a probability measure assigned to each element
(input matrix) within the sample space.

There is now defined, a sample space with a
probability measure defined over it and a function
which assigns a unique set of real numbers (an optimum
initial decision vector) for each element in the sample
space. For all practical purposes (measurability not
shown but accepted), this function is a random vari-
able (38).

Optimization Over a Reduced Operation Horizon -
When considering a given system and only the first
stage optimum decisions are required, it may be desir-
able to consider less thanthe entire operation horizon
in the optimization. To reduce computation time and

the overall problem dimension, the system formulation,

objective function, system value functions and deter-
ministic optimization technique may be defined over a
reduced operation horizon, k stages long, k<N. When
considering the "smaller" problem to determine the
optimum initial decision vector, the result is termed
the k stage optimum initial decision vector. Both the
k stage and N stage optimizations start from the
same initial stage in the operation horizon; however,
the k stage optimization considers only the first k
stages of the horizon. The value functions for the
first k stages in both problems are the same. Both
problems use the same input matrix, although the smaller
optimization considers only the first k input vectors.
A k stage optimization, as considered here, will use
an objective function which is obtained from the N
stage objective function through a reduction in dimen-
sion. The k stage objective function will be the
original N stage objective function with the last N-k
stage values set equal to predetermined constants. The
constants will depend upon the form of the objective
function. For example, if the N stage objective
function is simply the sum of the benefits (values)

over the N stages, then the h stageobjective func-
tion would be the sumof the benefits over the first k
stages. The constants mentioned above are all zero in
this case.

Applying the deterministic optimization technique
over a shorter problem is similar to its application
over a longer problem. For cvery input matrix in the
sample space, a random varijable (defined by the system
formulation over k stages, objective function and
system value functions over kh stages and the deter-
ministic optimization technique applied over k stages),

assigns a unique k stage optimum initial decision
vector. For any value of k, smaller than N, there
is a corresponding random variable similar to that

described above. Considering these definitions, it is
possible to represent an optimization over k stages
as a random variable with the following notation:

e 0 (3)

Kk
LR (4)
df:ﬁ’l‘{m),vw:sa (5)

In these equations, w is the random element from the
sample space, Tepresenting an entire input matrix; Q

input matrices; dE

is the random variable representing the optimum initial

is the sample space containing all

decision vector for a k stage optimization; 6?[-] is
the functional notation for the random variable, d%,
and d& is an outcome of the random variable, d%.

Using this convention, it is now possible to make prob-
ability statements about different aspects of optimiza-
tion.

THEORY

The above presentation has established a framework
for considering the optimization process. Considera-
tion of the first stage decision as a random variable
will enable constructive statements to be made which
suggest a modified application of techniques. Several
results follow which are illustrative rather than de-
finitive and which proceed toward and investigate a
modified application of deterministic optimization
techniques.

An Optimization Suggestion - Bellman's Principle
of Optimality (17,37) states that no matter what has
occurred up to the present stage, all remaining deci-
sions must be optimum to yield the maximum total value
from that stage on. The decomposition assumptions on
the objective function imply that Bellman's principle
applies (37). llausman (17) presents a good discussion
of application of the principle for systems possessing
a Markovian or Quasi-Markovian property in the state
variable. It may be restated as follows. If the first
i stage optimum decision vectors froman N stage
optimization are knoum, then an N-i stage optimiza-
tion over the remaining N-i stages yield the same
last N-i optimum deeision vectors that are obtained
in an N stage optimization. The only requirements
are that the initial state vector for the N-i stage
optimization muet be that which results from the first
i optimum decteion vectors. Also, the objective func-
tion for the N-i stage optimization must be the same



as that for the N stage optimizaticon with the [irst
i wvalues being those that result from the [first o
optimum decision veetors.  Although this may appear
obvious, it is not. If the system state or values at
each stage were functions of variables other than those
outlined in the preceding definitions, then this prin-
ciple would not apply. Additional illustration of this
principle is presented in Appendix A.

The above statement is true for any i, given an
input matrix and initial system state vector, &. By
applying the corollary N times for each value of i,
i=1,...,N, the following sets of decision vector values
are determined to be identical.

-1 N=2 cigd ol il o T ol ok
(dT:d‘Z :dls ;---ijN__z’dN_IbdNJ L [dl'dz"”’dN-l’aNJ
(&)

In Eq. 6, d?nl*l is the value of the ith stage decision

vector tesulting from an N-i+l stage optimization
from stages 1 through N given that s; =& and

N-j+1 sines y : :

cl:.| = d} i O<j<i (which determine the ith stage state
-

value); also, di is the value of the ith stage optimum

decision vector from the optimum decision matrix ob-

tained from an N stage optimization, given that
S, = 8.
1
It is interesting to note that if the systems

definition presented above is restricted so that the
state and value function at each stage are functions
only of variables of the last and present stage, then
conventional dynamic programming can be applied as an
optimization technique. The single reservoir problem
is an example of this (12,13,16,18,48). More impor-
tantly, Eq. 6 suggests a forward looking approach to
decision making that is sequential and that uses any
suitable deterministic optimization technique (includ-
ing those other than dynamic programming). Inspection
of Eq. 6 reveals that the systems optimum decision
vectors may be found one stage at a time in the fol-
lowing manner. For a given input matrix, an optimiza-
tion over N stages yields the N optimum decision
vectors. Only the initial optimum decision vector is
noted. The second stage state vector is found and the
second stage value function determined as a function
of the second stage decision only. An optimization
over the N-1 stages from stage 2 through stage N
yields the second stage optimum decision vector. The
process is repeated over and over for each stage until
4 one stage optimization yields the Nth stage optimum
decision vector. Of course, sucha procedure is largely
redundant and gives the same optimum decision vectors
as obtained by the first N stage optimization
(see Eq. 6). llowever, a modification of this procedure
may be used. One might assume that a k stage opti-
mization, k<<N, can be used to approximate an N-i
stage optimization to find the optimum decision vector
at each stage i. To find each decision vector at each
stage, only k stages into the future are used in the
optimizations. The decision vectors given by this
technique are termed the k stage optimum decision
veetors given by an optimization over a reduced opera-
tion horizon at each stage (ROHAES) of k stages. The
last k decision vectors are determined by optimiza-
tions over just the remaining stages. Three questions
which arise are: 1) can one make the above assumption;
2) how "well" does this procedure estimate decisions,
and 3) what are the advantages of this procedure? The
following section attempts to answer the first two
questions; the third is saved for a discussion.

pprosimating Devies - It has been noted by
researchers that there are two factors which
operate to make the length of analysis in an optimiza-
tion problem shorter than the operation horizon for
many water resource problems. The first and most im-
portant fuctor is that the larger the period of analy-
sis is, the higher 1is the likelihood of an event or
combination of events that will cause previous opera-
tional policy to be irrelevant to the future state of
the system (40,41). The second factor is discounting
of the value of future production relative to current
production, which is incorporated within some objective
functions (41). These factors have been used exten-
sively in the past as justification for analyzing very
short periods of time to determine system operations.
These factors are the result of extensive computational
experience and cannot be proved in general for a water
resource svstem. However, the validity may be checked
with statistical tests; this is illustrated in a fol-
lowing scction entitled: Application,

Various

If one or both of these factors is operating in a
system under consideration, then the optimization pro-
cess may give the sameé or similar values for the de-
cision vector at the first stage as the length of the
operation horizon increases. The assumption made here
is that one of these factors is working for a suffi-
ciently large class of input matrices to make the fol-
lowing true for the discretized problem:

kK _ N B W o o
Pld] = dl|sl = 8] 2 P[d; = dl|s1 = 8]; all &; large &
N>k>o (7

Equation 7 states the assumption that the probability
is greater (or at least equal), for a k stage opti-
mization to give the same value for the first stage
decision vector as the N stage optimization, then it
is for an & stage optimization, when MN>k»2. The
validity of this assumption depends upon the above two
assumptions and upon the degree of discretization.

From the previous definitions, if the first i-1
input and decision vectors and the initial state vector
are given, then the system over the remaining operation
horizon could be treated asa separate problem as shown
in Appendix B. The ith stage state could be determined
and the ith stage value function could be expressed as

4 function of ith stage variables only. All other j

stage value functions, j»i, could be rewritten as
functions of variables between stages i and j only.
Therefore, the optimization over stages 1 through N

given the first i-1 input and decision vectors and
initial state vector could he regarded as an optimiza-
tion over the N-i+l stages, from stage 1 through
stage N-i+l (see Appendix B). Now, all statements
regarding the optimum initial decision vector apply to
stage 1 of this transformed problem.

DN-i*l

k N-i+] =
1 1

p[DX = D |5, =si]-_>_P[D§=
N-i+l>k>%; all 853 large %

In Eq. 8§, D?
unique value

is the random variable which assigns a

for the optimum initial decision vector

for a k stage optimization for the transformed prob-
lem; D? = d?. Here d? is the optimum ith stage de-
cision vector given by an optimization over the k



stages, i to i+k-1. Also, 5y is the initial state

vector for the transformed problem.
former notation:

Returning to the

kK _ N i+l _ i
l-‘[dl - |['”1 ].’[d]l 1151 = g] ip[dl

&M, 1), sy = e (9)

N-i+1>k>£; all g; all II]i-I; large ¢; all [d], |
= a feasible set

In the above equation, II]i denotes a matrix of

-
values for the first i-1 input vectors and [d]i_I

denotes a matrix of values for the first i-1 decision

vectors.
if the feasible

In particular, set of decision

vector values is taken as the first i-1 optimum de-
cision vectors from an N stage optimization,
N~1 -
LiT;d} e N ”dN 1, , (sec Eq. 6) then:
plak = &Y, st s, = o1 > P}
N i+l N
|[ ]l I’Id]i-l'sl - s] [10]

N-i+12k>4; all @; all [I]i_l; large &

In Eq. 10, [d]T-l denotes the matrix of values for the

first i-1 optimum decision vectors from an N stage
optimization. By either summing or integrating both
sides of Eq. 10 with respect to all [!]i_l, after

multiplying by P[[l]i_l], the following is evident:

k _ ,N-i+l
P[di = |[d iy = 8] 2 Pld;

l!

N-i+1 N
dy = dly_yisy = e] (11)

N-i+1>k>#; all &; large &

Now, dg-l*l
from an N stage optimization (see Eq. 6) if the first
i-1 decision vectors were also froman N stage opti-
mization. Therefore, Eq. 11 expresses how ''well" that
a k stage optimization at the ith stage, given the
first 1i-1 optimum decision vectors from an N stage

is the optimum ith stage decision vector

optimization, probably approximates the ith stage de-
cision vector from the N stage optimization.
Equation 11 was developed for arbitrary i and there-
fore is true for all i, i=l,...,N-k.
Let:

k k N-i+l N

p; = Pld; = d; |[d]i_1;s1 = 5] (12)

The N-k equations then represented by Eq. 11 can then
be combined with Eq. 12 to prove:

Kk k i
PrN-kPN-k-1"""P2P)

N > k; all &; large k-1

Note that,
P[B; - Bﬁisl =8] = P[(d?;dg:....d; o ],“; i+n;___;d;)
. [d}glsl = 9] = P[dk ¢ afdf =l oot g
< Bl o Ak it 2l - 0
= PIdE o = du 1N 5 _i5%y = e1PIds 5
k+2

"

kK _ N1 N
R NSNS B C- R 1 TS

= k _ N _ .k k k k
= o]P[d) = dyls; = o] = py \ Py yy--oPPp (4)
In Eq. 14, B; is the random variable representing the

total value (expressed by the objective function) re-
sulting from the sequential optimization procedure de-
scribed in the previous section (the application of the
optimization technique over a ROHAES of k stages to

determine the single stage decision vector at each
stage for the first N-k+1 stages and a ROHAES of
N-i+l stages for the last k-1 stages). Thus, when
k = N, Bﬁ - Bg = the maximum total value obtainable in
an N stage optimization (see Eq. 6). Combining

Eqs. 13 and 14 leads to the following:

k N L N
P[By = BN{sl = g] > P[By = BNIsl = g]; all &; large &
N>k>2 (15)
Furthermore, if we assume that:
P[Bk = BN|5 = g] # 1; some k<N (16)
N N'71 ¢

then it can be shown (see Appendix C) that:

P[B; > aBﬁlsl = g] > P[Bé > aﬂg]sl = g]; large &;
some k; all s 17)
O<a<l
N>k>4

Equations 15 and 17 give some indication as to the
suitability of the suggested procedure. Equation 15
suggests that as the ROHAES used in the procedure in-
creases, the probability of obtaining the optimum deci-
sion matrix may increase but never decreases for a
sufficiently large ROHAES. Equation 17 suggests that
as the ROHAES increases, the probability of obtaining
a decision matrix which gives a total value within any

desired range (o) of the maximum (B: 3.05:), may in-

crease but never decreases for some sufficiently large
ROHAES.



These results indicate that the suggested procedure
may be highly desirable, but they do not prove it.
They are merely extensions of the assumption of Eq. 7
to systems defined here which possess the property of
Eq. 6. To utilize this suggested procedure, the system
at hand will have to satisfy the system definitions
given above. Tests will have to be made to ascertain
the existence of the above results. Then, the suggested
procedure may be used with some confidence to estimate
optimum decision matrices.

APPLICATION

It would be difficult to find to what extent the
assumption of Eq. 7 applies to all systems. The gen-
eral definition of the system, value functions, objec-
tive functions, and optimization technique allow too
many variables to be present for general assumptions.
The assumptions veracitymay be affected by many things:
the system characteristics, the exact formof the value
functions, and the objective function, the number and
character of input, output, decision and state vari-
ables, the number of values allowed to each of these
variables in a discrete representation, the systems
inherent behavior, the type of optimization technique
used, etc. These are just some of the factors to be
considered.

In several studies (6), the assumptionwas checked
for variations of the single reservoir problem. In all
trials, Eqs. 7, 9, 11, 15 and 17 were found to apply
with only a very small ROHAES required in each case.
The validity of the assumption has been recognized in
the past (as previously mentioned) and is believed here
to apply to many other water resource systems. The
example studies are too lengthy to include here, but,
the following reservoir system problem is presented to
illustrate the assumptions validity. The application
procedure and its advantages are also illustrated.

Problem - The system used in this study is asingle
reservoir with one inflow, one outlfow and benefits
(system value functions) representingone demand placed
upon the reservoir. The determination of the release
(outflow) in each month is the set of decisions and
the amount of water in storage at the beginning of the
month is the state variable. Note, the input vector,
the output vector, the state vector and the decision
vector at each stage in the general systems definition
are now degenerate to single variables. The system is
to be operated over N months (the operation horizon)

so that each month represents a stage. The systems
inherent behavior is represented by the following
system equations:

Sie1 = 5 + Ii - di; i=l oo N (18)

The constraint set for the system is determined by the
following set of constraint equations.

0 < s; 2 S; i=1,... . N¥l (19)
0 < Ii E-Imax; i BRI | (20)
The boundary condition is:
S, = & (21)
1
In the above equations, Sy is the storage (state) of
is the

. the reservoir at the beginning of stage i, Ii

15 s
i

inflow (input) into the reservoir in stage is

[§]

the outflow,release (decision) to be made in stage i,
§ is the reservoir size (upper limit on the state
variable), & is the initial storage at the beginning
of stage 1, and Imax is the upper limit on the inflow

variable selected to give the problema known dimension
for computation purposes.

In the reservoir system defined here, no effort
was made to represent actual values of storage, inflows
or outflows. Instead the problem solution dealt with
the indices of storage, inflow and outflow. The in-
dices for all quantities were defined such that each
quantity between consecutive indices was the same for
all indexed variables. For example, an inflow index
of 5 and an outflow index (decision index) of 2 create
a change in the storage index of 1. Representing a
discrete system in terms of these indices allowed for
more efficient computer programming, permitted easy
manipulation of numbers and provided for a general
representation. Any size reservoir, with its inflow,
outflow and storage can be represented easily by the
same model which considers indices. The degree of
refinement depends upon how finely the values of the
indexed variables are represented as indexed quantities.
values for inflow

There are 26 discrete at any

stage, 0, 1, 2,..., 24 or 25; also, the capacity of
the reservoir has an index of 25. There is then a
possibility that the decision (release) at any stage

could be 50. The initial condition for the amount in
storage in the reservoir is set at s = 10. The inflow
time series is represented by a data generation model
which is a Markov model of order two (see Eq. 22 below)
where the present value depends upon the previous two
values. The model has periodicities over the year (12
months) in the mean, standard deviation, first and

second order serial correlations and first and second
order Markov model coefficients.
-u I, .=u,
i-1 "i-1 i«2 "i-2
I, = € oy F )c, +R.E. o+,
i ( 51 ) 1,i-1 ( ui-! 2,1-2 i i

- 2 .2 :
Ry ‘\/{ =By 4.1 T %3,4-2 T %0y 1-152,1-27), 02
. o Pdet T Pr3-900,042
1,j-1 §
P1,j-2
P = Py 1Py s

o 2,3-2 1,3=-1"1.3-2

€y 42 > (22)

1=9,5-2

In Eq. 22, u. and ¢. are monthly mean and standard
a i i

deviation respectively for month i, p " is the

2,i-

2th order correlation coefficient between the stan-

dardized values of month i-k withmonth i-k+%, €y -k
»

are corresponding Markov model coefficients and Ei

is the independent stochastic component (random value)
for month i. Valuesof inflow were generated according
to Eq. 22 between zero and 7000 and transformed into
discrete values for inflow with 6720 to 7000 considered
as avalue of 25. The parameter values needed im Eq. 22
are given in Tables 1 and 2. The length of the opera-
tion horizon is set at 10 years with each month con-
sidered as a stage. Thus, the operation horizon is
120 stages long.



TABLE 1

DATA GENERATION PARAMETERS FOR MODEL OF EQ. 22

Month i " o,

i i 0141, Pa;ia2
JAN 1 302.5 79.1  0.4160  0.3375
FEB 2 386.0 149.4  0.4829  0.5032
MAR 3 684.5 235.9 0.3179 0.0966
APR 4 1836.0 912.8  0.6696  0.3617
MAY 5  3368.8  1397.1  0.6210  0.4128
JUN 6 4543.2 2012.8 0.7962 0.6460
JUL 7 1349.7  1063.1  0.7503  0.4740
AUG 8 520.1 267.3  0.5507  0.2689
SEP 9 302.5 161.7  0.7712  0.7409
oCT 10 392.2 238.1  0.9132  0,5803
NOV 11 291.4 136.2  0.6904  0.3559
DEC i2 346.9 101.2 0.5723 0.5254

TABLE 2

INDEPENDENT STOCHASTIC COMPONENT DISTRIBUTION
FOR MODEL OF EQ. 22

£ F(E) 13 F(g) 3 F(§)
-2.000 0.00 -0.355 0.34 0.290 0.68
-1.285 0.02 -0.320 0.36 0.335 0.70
-1.140 0.04 -0.280 0.38 0.380 0.72
-1.045 0.06 ~0.245 0.40 0.430 0.74
-0.965 ~0.08 -0.210 0.42 0.485 0.76
-0.805 0.10 -0.175 0.44 0.535 0.78
-0.840 0.12 -0.140 0.46 0.595 0.80
=0.790 0.14 -0.100 0.48 0.660 0.82
-0.745 0.16 -0.060 0.50 0.725 0.84
-0.690 0.18 -0.020 0.52 0.800 0.86
-0.640 0.20 0.010 0.54 0.890 0.88
-0.595 0.22 0.045 0.56 0.990 0.90
~0.555 0.24 0.085 0.58 1.100 0.92
-0.510 0.26 0.120 0.60 1.240 0.94
-0.475 0.28 0.160 0.62 1.420 0.96
-0.440 0.30 0.205 0.64 1.730 0.98
-0.395 0.32 0.245 0.66 5.000 1.00

The system performance is measured with a benefit
function which assigns wvalues to decisions at each
stage. The benefit at each stage is given in Table 3.°

TABLE 3

BENEFIT, bi FOR DECISION, di

Decision 0 1 2 3 4 5 6 7 8 9 10
Benefit 0 23 45 Bl 125 143 162 175 203 225 243

Decision 11 12 13 14 15 16 17 18 19 20 21
Benefit 250 260 282 297 301 307 311 312 310 307 299

Decision 22 23 24 25 26 27 28 29 30 31 32
Benefit 288 281 272 258 250 237 220 213 200 187 180

Decision 33 34 35 36 37 38 39 40 41 42 43
Benefit 157 141 125 107 73 42 25 16 8 0 0

Decision 44 45 46 47 48 49 50
Benefit 0o o 0 0 0 0 O

The system performance over the entire operation horizon
is measured by the following objective function.

N
B= J by (23)
i=1

In the above equation, bj is the benefit obtained in

stage 1 and B is the total benefit (total walue)
obtained from the system. There is no salvage value
assigned to the system and no end condition on storage
in the reservoir.

The deterministic optimization technique used here
is dynamic programming. It is particularly well suited
to the simple reservoir system outlined above (40,42,48).
Description of this application and its use is presented
elsewhere and will not be repeated here; see (3,9,15,
16,17,18,19,21,27,31,35,40,46,48).  When dynamic pro-
gramming is applied over a smaller number of stages
k<<N to determine the single stage decision, the fol-
lowing objective function is used:

B! =
i

il f~1%

lbi (24)

In the event that more than one decision at a stage is
optimum, the smaller one is chosen. Thus, a unique
decision is given in the optimization.

The above single reservoir problem definition is
within the general systems definitions of the previous

sections. The results of these sections are expected
to apply for this problem if the assumption of Eq. 7
is valid.

Testing - To ascertain whether or not the assump-
tion made previously is good for this system, a sta-
tistical test was made. Also, the generated data was
used to give indications of how well the nmew procedure
works. For the system at hand, Eq. 17 is used as the
null hypothesis. More specifically, the following
hypothesis was tested:

k N 4 N
P[BN > uBN] 3_P[BN > aBN]; k>2; all o (25)

An equivalent statement for k < 5 is:

HO: FS{a} 5 F4(aJ < staj < Fz{a} < Fl(a]; for all o

H: Fk{u) > FE[G); for some k>2 and for some = (26)

In this statement of the hypothesis, Fk (a) = P[BE/BE <al.

To test this hypothesis, 150 input realizations
of 120 stage length were generated independently, 30
for each value of k (k = 1,2,3,4, and 5). Using k
stages for the ROHAES, optimizations were performed on

each of 30 realizations for.each value of k to obtain
values for the random variable, B:. Also, 120 stage
optimizations were performed on each of the 150 real-
izations to obtain values for the random variable,
Bg. Values of Bﬁ/Bﬁ were then calculated for each

30 realizations for each k. These ordered wvalues
appear in Table 4. Since the input realizations were
all generated independently, then the five samples of
size 30 are random samples and are mutually independent.
The one-sided, five-sample, Smirnov test is therefore



TABLE 4

ORDERED VALUES OF RELATIVE TOTAL BENEFIT (RELATIVE TO
MAXIMUM TOTAL BENEFIT) OBTAINED WITH THE MODIFIED
APPLICATION WITH ROHAES = k, FOR 150 RANDOM INPUT

REALIZATIONS
k 1 2 3 4 5
7366 . 8285 .9118 .9534 L9783
7445 L8331 .9140 .9535 .9809
. 7451 .8338 .9152 .9603 .9820
7452 .8353 .9153 .9623 .9832
7460 L8391 .9181 9632 .9839
7477 . 8399 .9191 L9632 .9840
7483 . 8400 .9193 L9651 .9844
L7492 .8416 . 9209 9654 .9845
7494 . 8429 .9228 9660 .9852
7497 .8434 9251 9668 L9871
7499 .8442 .9253 9673 .9878
7513 . 5458 . 9255 . 9682 .9883
7520 L8477 9257 9687 . 9895
7522 .8512 .9261 9692 . 9899
.7524 L8512 .9271 9698 L9913
. 7527 .8513 L9279 9704 L9915
7550 .8515 .9288 .9715 5932
.7532 L8537 .9293 .9719 .9936
<7537 . 8546 L9300 9720 .9939
.7561 .8547 .9303 L9724 .9948
L7568 . 8547 L9310 .9730 .9950
L7573 .8559 .9320 .9756 .9952
.7584 .8562 .9331 L9760 L9957
L7600 L8564 .9331 9773 L9958
.7602 .8593 L9334 L9780 L9962
L7608 . 8600 .9339 L9808 L9972
7642 .8608 L9357 .9828 .9975
7651 .8632 .9358 L9857 .9978
. 7682 .8662 L9370 .9858 .9992
L7713 L8673 . 9468 .9882 .9993

applicable.  Because the random variable, Bszﬁ is

actually discrete, the test is likely to be conserva-
tive (5). This is a nonparametric test where the test
statistics distribution has been obtained by Conover (5)
as a mathematical function of the number of samples
and the mutual size of each sample. The test statistic
for this application becomes:

T = sup{[F (0)-F,(a)], [F, (a)-F5(@)], [F5(a)-F, ()],
o

[F,(@)-F) ()]} (27)

In Eq. 27, ﬁk(a} is the sample cumulative distribution

obtained from the order statistics, wused to estimate

Fk[u).

The decision rule is to reject HO at the level
1-y quan-

y if the observed value of T exceeds the
the pre-

tile of the distribution of T as given in
ceding reference. From inspection of the ordered values
of the data in Table 4 and from an auxillary plot in

Fig. 1 of the sample cumulative distributions, T = 0.
From the distributionef T, for y = .10, the critical

corresponds to values of T greater than the

region
.90 quantile, w g4 which is 0.8. Since T <w g4,
the null hypothesis is accepted. Inspection of the

data indicates that for high probabilities of rejection,
the test would still have indicated acceptance of HD.

Thus,

reduction advantages.
various aspects of the resultant computation reductions

PIBY > aBy] > P[BY > aBY]; 52k>g21; all a  (28)

The results of the theoretical derivations and assump-
tions have been verified withahigh degree of certainty
for the system considered here for ROHAES < 5.

Further inspection of Table 4 shows how well the

modified application performs in estimating decisions
which result in near optimum performance. For example,
with a high probability, the modified application with
ROHAES = 5 will give a total benefit
98 percent of the maximum possible. Also, as the ROHAES
increases,
The
about 0.10 for k=1
for higher values of k.

at least within

the procedure does consistently 'better."
relative total benefit is

increase in the median
and continues to improve

and 2,

DISCUSSION
There are several advantages of the modified
application over conventional applications that are
All of these are computation

immediately apparent.
The following sections present

in various situations.

The Medified Application and Systems of Equations-
When the optimization technique to be used involves the
solution of a system of equations such as linear or
quadratic programming, etc., then there is an advantage
to applying the technique over a ROHMAES of k stages.
A reduction of stages in the optimization corresponds
to a reduction in the number of variables 1in a system

e
T T Tar T T T T e T . gt
. . - . 5
oy - . . T
. . . .
- . - . .
an b - - . . -
wile - . - . -
P . . . - .
o= - . . . -
a - . . . .
by - . - - -
s . . - . L=
- . . - - -
g . . . . .
- osl » K=l alt=1 o k=3 P LT
w . . . - -
ﬁ . - - . -
LT S . . . . . -
w = . . - .
. . . . .
2 adp . . - . .
P . . - . .
. . . - .
e - . - - . =
. - - . .
. . - . .
o - . - . - s <
. . - . .
- . - - ak=3
° s L 1 I I ! ! L L 1 I L 1 |
» n MM T8 M M M M M ow L T ] 1]

FIG. 1. THE EMPIRICAL CUMULATIVE DISTRIBUTION, ﬁk(a].

of equations and a reduction in the number of equations.
Therefore, there is a reduction in the computations
needed for each single stage decision. Depending upon
the problem at hand and the values for ROHAES and N,
then a search with N kxk systems of equations may be
casier than a search with an NxN systemof equations.
There is certainly a reduction in computation storage
and there may be a reduction in computation time.

The Modified Application and Exhaustive Search
Techniques - The optimization techniques to be used
may cmploy the simple principle of enumerating every
feasible decision matrix and selecting the one which
yields the maximum total benefit for the system. In
some complex systems, this technique may be the only



one which can be used. The application of this technique
with a ROINAES of Kk stages to determine each of
the entire sequence of decisions results in a drastic
reduction of computation time and storage compared to
the application of this technique over the entire
operation horizon. To illustrate, consider a system
with m possible wvalues for the decision variable at
each stage and N stages in the operation horizon.

N 2 2L
There are then m" combinations of decision sequences
to investigate in the exhaustive search. If the modi-
fied applicationof the optimization technique is used,

there are mk combinations of decision sequences to
investigate at each stage for the first N-k+1 stages.

There are mk"l combinations of decision sequences to
investigate for the last k-1 stages; i = 1,...,k-1.
Therefore, there are Ml decision sequences to inves-

tigate for the exhaustive search technique and M,

decision secquences to investigate for the modified
application of the exhaustive search technique, where:

g
My = (29)
k-1 >
M, = (N-k¢L)n® + § m*1 (30)
= i=1

~ 50
For m =10, N= 50, and k = 3, then M1 = 10 and
M2 = 48110,  Of course the numbers, M1 and M2 do

not truly represent the number of decision sequences to
be investigated in each case, the actual numbers are
smaller since only some of all possible decision
sequences will be feasible.

The Modified Application and a Single Stage
Deecision - When the optimization technique to be used
requires multiple evaluations of operating decision
sequences (such as dynamic programming), then there is

an advantage to applying the technigue over a ROHALCS

of k stages (instead of the entire operation horizon
of N stages). When just the single stage decision is
desired, then this application will involve less com-

putation time to determine the single stage decision.
This featurc will be made use of in the development of
an alternate stochastic optimization technique in
Chapter III.

Furthermore, when only one stage decisions are
required (as in the practical operation of an existing
water resource system) themodified application enables
a reduction in the amount of future information re-
quired. When the future information is uncertain, as
in stochastic optimizations, then this feature is im-
portant. Forecasting reliability generally declines
as the length of time into the future for the forecast
increases. This is true for water resource projects
where forecasts are for precipitation, streamflow, etc.
If the modified application of the optimization tech-
nique is relevant for the system at hand, then fore-
casts may only have to consider a small number of
stages into the future. Now, forecasts arc only made
for a small number of stages into the future in prac-
tice to avoid severely unrealiable results. Therefore,
an engineer may now be reasonably satisfied that he
has a certain degree of suboptimum performance, even
though he cannot forecast the entire planning horizon.

Determination of the Required ROHAES - In any use
of the modified application, there is a question as to
what length of the ROHAES is satisfactory. As the
length of the ROHAES is increased so are the computation
requirements, but sois the degree to which results ap-
proach optimum. To determine the acceptable value for
the ROHAES, a preliminary statistical study (similar
to the one above) will have to be made. It is not
necessary to generate so many points for analysis in
all cases, as will be seen later. The allowable com-
putation for determining the ROHAES will depend upon
the significance of the optimization results.



CHAPTER 111

STOCHASTIC OPTIMIZATION

Of concern here, is the practical application of
stochastic optimization techniques to problems of find-
ing optimum operations sequentially for water resource
systems. There are attendant difficulties associated
with the various stochastic optimization techniques in
use today and there is a need for a sequential tech-
nique which surmounts these difficulties.

This chapter further defines optimization in the
stochastic realm by briefly condensing previous defi-
nitions and continuing them. Furthermore, this chapter
reviews existing techniques, identifies associated
difficulties, suggests an alternative sequential tech-
nique (which utilizes the technique of the previous
chapter) to overcome these difficulties, and compares
the alternative in a hypothetical example.

The following is not a bona fide operations
research development. It is a practical development
of a heuristic methodology which utilizes present prac-
tice and understanding and which enables operation of
reservoirs in 'near optimum' manners. While not truly
optimum, it can be shown, for a hypothetical case, that
resultant benefits are generally 'closer' to optimum
with the use of the alternate technique than with the
use of an existing technique.

DEFINITIONS

The definitions given in Chapter II concerning the
optimization problem are continued here for discussion
of the stochastic optimization problem. These and the
following definitions are similar to those found in the
literature (19,40,46) and serve to give a nonrigorous
framework for considering stochastic optimization tech-
niques.

There are many methods available to determine the
optimum set of decisions for a given system with given

inputs, such as: linear, nonlinear, quadratic and
dynamic programming, (19,40,46). Depending upon the
characteristics of the system, one or more of these

determinigtic optimisation techniques may be suitable
for use in determining the optimum decision sequence.
The techniques are referred to as deterministic when
applied to a system for a known set of inputs. All of
these techniques require information concerning the
inputs into the system.

The Stochastie Optimization Problem - In most
water resource problems the inputs into the system are
not known in advance. However, various statistical
aspects of the inputs are estimated from available
data and the problem then becomes a stochastic optimi-
sation problem. This study assumes that available data
exists and that the stochastic hydrology can be ade-
quately represented. For studies where imperfect mod-
eling of the stochastic hydrology affects the system
design, see (4,7,11,34,44). The deterministic optimi-
zation techniques available from the operations re-
search field are then employed in one of two basic
manners to determine the optimum decision sequence
(40,41,47). Implicit stochastic optimization deter-
mines the optimum decision sequence for each of many
possible realizations of system inputs. The inputs are
generated according to their assumed stochastic nature.
The optimum decision sequences are then studied and re-
lated to system variables that were found to have a
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bearing on the decision through the use of multivariate
analysis. These relations are then used to estimate
the optimum decision sequence for the system for use
in design or actual operation. Ezplicit stochastic
optimization determines the ''optimum decision probab-
ility" at each stage of a system's operation based upon
the known probabilities of inputs.

Implieit Stochastic Optimization - The schematic
for this procedure 1is presented in Fig. 2.  The pro-
cedure in implicit stochastic optimization (ISO) is as
follows (40,41,47,48). The system and the stochastic

LEST!MATE INPUT MCDELS FROM AVAILAELE DATA ]

GENERATE AN ENTIRE RANDOM INPUT REALIZATION USING INPUT MODELJ

i

] DETCAMINISTICALLY OPFTIMIZE TO FIND ENTIRE CECISION SEQUENCE |

I_S?DRE ALL DECISIONS, INPUTS, STATES, ETC,J

l repeal many times to obtain
i multivariate anclysis ‘data”

I PERFORM MULTIVARIATE ANALYSIS

l SELECT IMPORTANT "INDEPENDENT VARIABLES" l

[ SELECT DECISION FUNCTIONAL F““_J

I

PERFORM MULTIVARIATE ANALYSIS TO FIT
FUNCTION TO DATA

ESTIMATE "GOODNESS OF Fiﬂ

1 repeat until suitable
] tit is found
USE BEST FUNCTION, FIT TO THE DATA, AS THE DECISICN
ESTIMATOR - TO ESTIMATE OPTIMUM DECISIONS FOR SYSTEM CPERATIONS

FIG. 2. IMPLICIT STOCHASTIC OPTIMIZATION TECHNIQUE.
nature of the inputs are represented by suitable math-
ematical models. The models are then used to generate
time series realizations of the inputs (input realiza-
tions) over the operation horizon. A suitable deter-
ministic optimization technique is chosen, compatible
with the system models, and applied to find the optimum
decision sequence for each input realization. A record
is kept of the system states, outputs, inputs and
optimum decisions for allof the generated time series.
A multivariate analysis (usually aregression analysis)
is performed to determine the relationship between the
optimum decision at each stage and the other system
variables. This relationship will be used in subsequent
design and/or operation when the future is unknown.
Therefore, the multivariate analysis is used to find
the relationship between the optimum decision at each
stage and only those variables whose values are known
prior to that stage or those variables whose values
are estimated in a forecast. If the regression is made
using forecast variables, then the forecast variables
are generated along with the other regression data
although they do not enter into the optimizations.
Young (48) has studied reservoir operation rules and
their determination with forecasts.

One of the better known versions of IS0 in Monte
Carlo Dynamic Programming (MCDP) proposed by Young
(47,48) . The procedure in MCDP is identical to that



described above for IS0, but the deterministic
optimization technique used is dynamic programming.

The advantage of IS0 over explicit
optimization is that the

stochastic
results from ISO represent
decisions obtained to achieve the maximum total bene-
fit for the system. Explicit stochastic optimization
involves a different type of "optimum" solution as will
be discussed shortly. IS0 is applicable to a wide
variety of problems. Its use of data generation tech-
niques means that the problem does not have to be solv-
able by analytical techniques as simulation and esti-
mation are utilized. Therefore, very complex systems
may be studied with this method where the limits on the
problem complexity are determined by the limits of the
computing facilities and available funds.

There are several
Some conflict exists

disadvantages to this method.

over what type of multivariate
analysis is most suitable to determine the desired
relationships. Very often, subsidiary studies must be
made to find the best function out of several and the
significant variables to use in the relationship. Also
the reliability of the decision estimates may well be
different each time an estimate is made. Furthemmore,
multivariate analysis techniques often give poor esti-
mates of the dependent variable at the extreme values
for the independent variables., Thus, the decision may
be poor for extreme values encountered in practice.

IS0 may require a large amount of computation time
and/or storage inthe multivariate analysis. The amount
of generated data required to give good estimates de-
pends upon the estimating function and the number of
variables considered important in it. Foragiven limit
on the computational facilities, it is obvious that the
larger the number of significant variables and discrete
values for these variables, the smaller is the amount
of generated data points for each variable which can be
analyzed. Thus, generally the number of significant
variables for use in the analysis is restricted for
practical considerations.

Perhaps the most important disadvantage of IS0 is
that the results may give very poor estimates of the
optimum decisions. Although any system can conceivably
be studied with ISO, the multivariate relationships are
only estimates of the true optimum decision at each
stage. How well such an estimate performs depends upon
the stochastic nature of the inputs, the system itself
and the dependence of the optimum decision at a stage
upon the future operations of the system. Thus,
estimate from the multivariate analysis may be impaired
if the optimum decision at each stage actually depends
upon many variables.

Finally, ISO is not an adaptive
ISO were to be used for the practical operation of an
existing system, then the analysis would be made once
to estimate the decision function. The decision func-
tion would then be used to operate the system. However,
as new data becomes available at each stage of the
system's operation, it is not utilized in the already
determined decision function. The exception to this
statement is when the decision function utilizes a
forecast variable.  Then new data can be used to give
improved forecasts for use in the decision function.
Hlowever, the decision estimates relation with the fore-
cast variable has already been determined in the ISO
and the additional data available at later stages of
the operation were not used in this determination.
Hence, regardless of the variables used in IS0, the
procedure is not adaptive.

procedure. If

the
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Explieit Stochastir Opiimization - The schematic
for these procedurcs is presented in Fig. 3. The def-
inition given here for explicit stochastic optimization
(ESO) is identical to that given by Roefs and Bodin (41)
for explicit stochastic models. An explicit stochastic
optimization problem uses the probability distributions
of streamflow (inputs) at each stage directly in the
stochastic optimization rather thanusing samples drawn
in data generation procedures (IS0). There are two main
problem types of concern here that fit into this
category.

ESTIMATE INPUT PROBABILITIES AT EACH STAGE FROM
AVAILABLE DATA =g P(Li)
v

[ DEFINE BENEFIT FOR ALL SETS OF CONDITIONS eg. V(d,3,1,i) |

!

MAXIMIZE EXPECTED TOTAL BENEFIT FOR OPTIMUM PROBABILITIES
eg. max TaZ Z1ZVia,s, 1,0 P (d,s0,1) st 242 PId,s,1,1) = PLLI)

1
CALCULATE CONDITIONAL DECISION PROBABILITIES
eq PldlsL,i) = P(d,s. 1, 1)/ Z4P(d,8,1,1)

FORMULATE TABLE OF DECISIONS OR DECISION
PROBABILITIES FOR ALL SETS OF CONDITIONS

USE TABLE AS THE DECISION ESTIMATOR - TO ESTIMATE
OPTIMUIM DECISIONS FOR SYSTEM OPERATIONS

ESO Type 1 (eg. stochastic linear programming

ESTIMATE INPUT PROBABILITIES AT EACH STAGE FROM
AVAILABLE DATA eqg P{1,il1%}

]
| DEFINE BENEFIT FOR ALL SETS OF CONDITIONS eg V(d.s,i) |
1

DETERMINE RECURRENT RELATION FOR CURRENT STAGE (1)
eg fi (8,10 = mox[Vid,s, i)« Zpw PULIITE MG (8%, 1))

l MAXIMIZE BENEFIT FOR REMAINING STAGELS) |

itep!ni, starting a* lost stoge
l ard proceeding 1oward firs)

[ FORMULATE TABLE OF DECISIONS FOR ALL SETS OF CONDITIONS _I

USE TABLE AS THE DECISION ESTIMATOR - TC CSTIMATE
OPTIMUIY DECISIONS FOR SYSTEM OPERATIONS

ESO Type 2 (&g stocnostic dynamic programming)

FIG. 3. EXPLICIT STOCHASTIC OPTIMIZATION TECHNIQUE.

The first type of ESO problem was proposed by
Manne (29) and used by others (14,16,27,40). The goal
of the optimization is to maximize the expected total
benefit for the system. Probabilities are assigned to
each of the possible inputs at each stage of the plan-

ning horizon. A benefit function is defined which
gives the benefit obtained for being in any state at
any stage with any input and making any decision. The

objective function is the sum over all states, stages,
inputs and decisions of the benefit function multiplied
by the probability that these conditions occur. Thus,
the objective function represents the expected total
benefit for the system. A suitable optimization tech-
nique is applied to find that set of probabilities
(for being in each state at each stage with cach input
and making each decision) which maximizes the expected
total benefit. These probabilities are then used to
calculate the conditional probabilitics of making a
decision glven that the system is in a given state at
a given stage receiving a given input. Ideally, these
conditional probability distributions assign a probab-
ility of unity to a particular decision and values of



zero to all other decisions for each set of conditions.
This represents a pure strategy (26,45), i.e., there
is no question of what decision tomake for a given set
of conditions. Unfortunately, pure strategies are not
always obtained. For complex, practical problems,
"mixed" strategies are obtained and used in some suit-
able manner to determine the decisions. In this ESO
problem definition, if the optimization technique used
is linear programming, then this problem is known as
stochastic linear programming (14,26,40).

The second type of ESO procedure finds the decision
at each stage which maximizes the expected total bene-
fit in the remaining stages. This procedure is applied
successively at each stage going backward in real time.
This procedure has been called stochastic dynamic pro-
gramming in the past (14,41,47).

A third type of ESO problem is not easily distin-
guished from the first two types. Its inherent feature
is that, instead of a probability distribution for
inputs at each stage, an analytical model (such as the
Markov chain) is specified for inputs and the distribu-

tion of states or decisions then found analytically
(22).

The advantages of these procedures over IS0 is
that the results obtained from ESO represent the con-
ditional probability distribution for the optimum de-
cision at each stage for any conditions. There is then
more information utilized for the choice of the deci-
sion at each stage. Instead of just asingle estimate,
the probability distribution is given; although, the
problem of selection of the decision may still remain.
A table of decisions or decision probabilities is ob-

tained, indexed by the state of the system, inputs,
stages, etc., which gives the maximum expected total
benefit for the system. These values are obtained
considering the probabilities of inflow, values of

benefit, etc., which can occur in the future and they
reflect the dependence that the decision probabilities
have on these future probabilities. There is no multi-
variate anlaysis and no conflict over the different
forms of analysis within ESO. There are none of the
other difficulties mentioned above, which are associated
with multivariate analysis in this method.

There are several disadvantages to this method
however. The method involves a great deal of computa-
tion time and storage. Therefore, its application to
complex systems is severely limited. In most problems,
simplifying assumptions are often made to reduce the
problem. Among the most prevalent assumptions made are
those of an unchanging (steady-stage) probability dis-
tribution for inputs at cach stage, that the system can
be represented by a cyclic (repeating) operation and
so only one cycle needs to be analyzed and that the
system can be represented wusing a small number of
discrete values for the states, inputs and decisions
(14,27,40,41). Methods have also been developed to
decrease the dimension of reservoir operation problems
by reducing some of the decision and state variables to
parameters (16,22). Analysis in the past has been
limited to simple reservoirs or simplified systems of
reservoirs in the water resources field. Even in these
situations, the results are limited in practical ap-
plications. In general then, ESO can be applied only
to much simpler systems than can ISO. Also, usually
much more problem reduction and simplification is nec-

essary to apply ESO than is necessary to apply IS0
(40,41).
The ‘"optimum' set of decisions (or decision

probabilities) obtained through the use of this method

12

are not the same as the optimum decision sequence
defined in section 1 of this chapter. If a system can
be investigated using ESO and the results applied for
a given input realization, then the total henefit ob-
tained would not necessarily be the maximum total bene-
fit. This is true even though the expected total bene-
fit has been maximized as defined above {see Appendix D).
It may be desirable to operate the system in a way
which gives the highest (or close to the highest) return
possible for the input time series realization which
will acutally occur. This has been impossible todoup
until now unless we are concerned only witha determin-
istic future. IS0 at least uses maximum total benefit
as the objective for many such "futures" and obtains an
estimate of the decision function. ESO does not solve
for this set of decisions. It only finds that set of
decisions (or decision probabilities) which optimizes
performance by maximizing the expected return of the
system. Like, IS0, ESO is also not an adaptive pro-
cedure in that new data available at each stage of the
systems operation is not utilized in determining the
the decision table.

PROPOSAL

én Alternate Stochastic Optimisation
Because of inherent disadvantages of limited
in ESO, ISO has found a great amount of use
few years as reflected in the literature. Since this
type of analysis only gives an estimate of the optimum
decision function for use in practice, the results have
been used to indicate general guidelines or operating
rulee for systems. Operating rules are not to be con-
fused with sets of decisions. A set of decisions (e.g.,
specific releases from a reservoir over its operating
horizon) may be obtained from the operating rules
(decision function). Of course, for a given situation
with a particular input realization, it is more desir-
able to know the optimum set of decisions to use in-
stead of the general operating rules which may not be
close enough to the optimum decision sequence. Then
the maximum total benefit can be realized for the sys-
tem for that input realization.

Technique -
feasibility
in the past

A new method of applying optimization techniques
to stochastic optimization problems was desired that
would be sequential (allowing an adaptive approach),
that would have none of the disadvantages associated
with ESO or IS0, and that would be most suitable in
determining the optimum decision sequence and not just
the general operating rules. Emphasis is placed upon
engineering application and not onmathematical sophis-

tication. Such a heuristic method was found to be a
combination (at least in principle) of the above two
techniques. This alternate stochastic optimization

technique (ASO) is a form of ESO employing data genera-
tion techniques common to IS0. The procedures involved
in this alternative are described below.

Instead of performing a preliminary ISO or LSO to
obtain the operating rules, and then using the results
in design or actual operation, the ASO is performed
directly in the design or actual operation. Basically,
the procedure involves the empirical transformation of
the probability distribution for inputs into that for
optimum decisions at each stage similar to ESO analysis.
However, instead of maximizing the expected total bene-
fit by selection of the probabilities of the decisions
at each stage, the total benefit is maximized for each
of several possibilities for future inputs (as in I50)
to determine the empirical distribution of the optimum
decision at each stage.



Procedure - The schematic for this procedure is
presented in Fig. 4. The system and the stochastic
nature of the inputs are represented by suitable math-

ematical models. The first stage decision is to bhe
ladaptive

alternative)

--------- -[_Esrmne INPUT MODELS FAOM AVAILABLE DATA

GENERATE AN ENTIRE RANDOM INPUT REALIZATION
OVER THE REMAINING OPERATION HORIZON

i

DETERMINISTICALLY OPTIMIZE, TO FIND THE ENTIRE DECISION
SEQUENCE OVER THE REMAINING QPERATION HORIZON

i

l STORE FIRST DECISION FROM THE OPTIMUM DECISION SEQUENCE 1

lrtpecl tmr:i times to obtan
y "somple” of decisions

l FORM EMPIRICAL FREQUENCY DISTRIAUTION FROM RANDOM SAMPLE !

| CHOOSE DECISION ESTIMATE FROM SAMPLE sg "mods” I

g

uﬁ TO ESTIMATE OPTIMYM DECISION FOR SYSTEM OPERATIONS l

Jupcur entire procedure for
nex| stage decision, until los?
decision is determined

FIG. 4. ALTERNATE STOCHASTIC OPTIMIZATION TECHNIQUE.
determined first. To do this, input realizations over
the entire operation horizon are generated and a suit-
able deterministic optimization technique is applied to
the system for each input realization. Only the first
stage decision from each resulting optimum decision
sequence is noted. From this sample of first stage
optimum decision values, the empirical frequency dis-
tribution is constructed and used asanestimate of the

probability distribution for the first stage optimum
decision. Using a suitable selection rule, such as
the mean, median or mode, etc., a decision is chosen

from the distribution. This decision is then used to
operate the system for the actuzl input that occurs in
that stage and places the system in a new state at the
second stage. The second stage decision is now deter-
mined by repeating the data generation for input real-
izations over the remaining operation horizon and ap-
plying the same procedure as above. Only now, the
deterministic optimization technique is applied over an
operation horizon with one stage less than before, for
each input realization. The decision selected will then
be used as before to place the system inanew state in
the next stage with the acutal input that occurs in
this stage. The process is repeated until the last
decision 1is determined at the end of the operation
horizon. Admittedly, the ASO may have more application
in practice thanindesign since the system is operated
for the acutal input realization which occurred.

The ASO procedure is a forward looking dynamic
programming decomposition similar to some forms of the
ESO Technique described as '"stochastic dynamic program-
ming." As such, it can be applied only to those systems
where Bellman's Principle of Optimality applies (dis-
cussed in Chapter II). This principle is used in most
dynamic programming decompositions to establish a re-
cursive relationship between optimum decisions at suc-
cessive stages. However, it also implies that the
optimum decision for any stage can be determined from
consideration of only the remaining stages. Instead of
using a recursive relationship to find the optimum
decision at each stage as a function of the next stage
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decisions, ASO repeatedly optimizes over the remaining
operation horizon to empirically estimate the optimum
decision. Thus, much information obtained at one stage
of the ASO is not used at the next stage through a
recursive relationship, but is lost. However, this
technique allows an empirical optimization with maxi-
mization of total benefit as the objective, to take
place in the stochastic realm on a sequential, stage-
by-stage, basis.

There are many advantages of this method over the
other two methods. The decision estimates obtained
successively in ASO are from the (empirical) probabil-
ity distribution of decisions which were obtained by
maximizing the total benefit for the system. The re-

sults do not represent only a maximization of the
expected total benefit. The decision estimates are
based upon consideration of the future variables at

each stage and yet are still usable based upon knowledge
only of the past and of the stochastic nature of the
future inputs. Therefore, the method does not disregard
information supplied by the individual optimizations at
each stage concerning the dependence of the optimum
decision at a stage upon future variables.

ASO is applicable to a wide variety of problems
as was IS0. Its use of data generation techniques
allows consideration of problems not solvable by ana-
lytic techniques and of complex problems not suitable
for ESO. The simplifying assumptions, problem reduc-
tion and simple problem representation that is so often
necessary in ESO are not necessary in this method. Any
type of nonstationarity in the input times series can
be used since the method and its requirements are in-
dependent of the stochastic nature of the inputs. This
is an advantage also over IS0 which requires more com-
putation of "data" in order to achieve estimates of
decisions when the input time series nonstationarity is
serious.

Multivariate analysis is not part of this method,
so that there is no conflict over which type of analy-
sis to use. Since the number of optimizations at each
stage may be set in advance, then the same number of
decision values may be obtained for each set of pre-
ceding conditions. Thus, one has reason to place the
same amount of confidence in each stage's decision.
The method does not produce any information that will
never be of use in actual operation since the method is
used in actual operation and only considers conditions
of the past which have occurred. The computation stor-
age required in the multivariate analysisof ISO is not
needed with ASO.

Finally, ASO can be used as an adaptive procedure.
Since ASO determines the single stage decisions as
they are needed in real time, then information that
becomes available canbe used to improve the mathematical
models for both input data generation and system re-
sponse. The improved models are then used to determine
succeeding decisions and so forth. It must be mentioned
that the other methods, IS0 and ESO ean be used in an
adaptive fashion by repeating the entirc sutdy at cach
stage and throwing out all previous results. Such a
procedure, while adaptive, would be highly uncconomical
thereby preventing its widespread usc.

Perhaps the greatest disadvantage of ASO i+ that
its application involves a large amount of computiation
time. IS0 will give decision estimites or operating
rules which may be applied to the system for any input

realization. The results from the ASO apply only tm
the single input realization actually uscd in the von
junctive operation and stochastic optimization of the
system. To find results for another input realization



requires a repetition of the method. This amounts to
a large computer time requirement. Also, since the
optimization technique is applied a number of times at
each stage and for every stage, the computation time is
great for each input realization analyzed. As an
example, in IS0, perhaps 100 input realizations are
generated and the optimization technique applied to
each. There are then 100 N stage optimizations per-
formed, where N is the number of stages in the opera-
tion horizon. In ASO, perhaps 30 time series realiza-
tions are generated at each stage and the optimization
technique applied to each. There are then 30(N) stage
and 30(N-1) stage and 30(N-2) stageand ... and 30(1)
stage optimizations performed. Thus, the computation
time required here may be much greater than with ISO,
even though the computation storage may be much less.

Feasible Use of the Alternative - The large com-
putation requirement associatedwith alternate stochas-
tic optimization would prevent its use for most problems
normally encountered in design and perhaps for most of
the problems of actual operation. However, the con-
siderations presented in Chapter Il would reduce the
required computation time for some problems and make
ASO very attractive. These "considerations" provide
for computation reduction without destroyving the ad-
vantages of the method.

By wutilizing the assumption of Eq. 7 in the
application of Eqs. 15 and 17, it should be possible to
use k stage optimizations instead of N-i stage
optimizations to determine the single stage decisions
which make up the sample at each stage. Equations 15
and 17 give some assurance that such a substitution
works when the sample size is one, since the ASO pro-
cedure is then identical to the new application of a
deterministic optimization technique.

If the behavior described in Eqs. 15 and 17 is
found to exist, then the ASO can be modified to take
advantage of the resulting reductions in computation.
At each stage, the following procedure is used (the
schematic for this procedure is presented in Fig. 5).

l—lsnmr: AN ASCOUATE k WALLE, I|<..‘.NJ

i R e --{ ESTIMATE INPUT MODELS FROM AVAILABLE CATA !
; '
]
IF GRERATICN IS WITHI% k STAGES OF THE END OF THE CPERATION
HCHIZON, THEN LET b EQUAL THE NUMBER OF REMAINING STAGES

GENERATE A RANDOM INPUT REALIZATION OVER THE NEXT
h STAGES OF THE RCMAINING DFERATION HORIZON

DETERMINISTICALLY CPTIMIZE TO FIND THE DECISICN SEQUENCE OVER
THE NEXT k STAGES OF THE REELZINING OPERATICN HOPIZON

l STCRE FIRST DECISICN FRCM THE k STAGE OPTIMUM DECISION SEQUENCE I
J

| repeot smveral times fo
obtain “sample” of decisions

[ FORM EMPIRICAL FREQUENCY DISTRIBUTION FROM RANDOM SAMPLE l
1
I CHOOSE DECISION ESTIWATE FAOM SAMPLE eg “mode” ]

'

I USE TO ESTIMATE QPTIMUM DECISION FOR SYSTEM OPERATIONS J

_I repeat entire procedure for
pext sloge decision, uniil
lest decision is determined

FIG. 5. ASO WITH MODIFICATIONS.
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The input realizations are generated for the remaining
operation horizonover only thenext k stages, k << N.
The deterministic optimization technique is applied to
the system for each input realization, but only for the
next k stages. The value of k is that which re-
sults in optimum decisions 'close enough'" to the true
optimum decisions (such a determination is discussed
later). Only the first stage decision from each re-
sulting optimum (k stage) decision sequence is noted.
From this sample, the decision value for the particular
stage is selected and the system operated according to
that decision and the input at that stage. The procedure
is repeated for the next stage using the next k stages
of the remaining operation hori:zom, ctc.

The value of k required so that the modified
ASO would give a total benefit within some specified
range of the optimum total benefit witha certain level
of probability must be determined a priori. The Kk
value is a random variable, whose outcomes depend upon
the input realization used in the actual operation, the
system characteristics, the objective function and the
constraints on the system. Thus, the results from the
modified ASO would be within some specified range of
the optimum with a probability dependent upon the value
of k wused in the modified ASO.

APPLICATION

The application of ASO is made and shown superior
to ISO and ESO fora simple reservoir system considered
here. As is true for any heuristic technique, the
suitability of ASO for any reservoir problem cannot be
determined from one simple example. However, its gen-
eral application canbe illustrated and its suitability
partially determined with the use of an example prob-
lem of possible interest to reservoir operators. It is
felt that the technique is suitable for a wide range
of system operation problems, but it is not the intent
to prove that herein.

In the following comparisons, procedures con-
cerning "ties" for the optimum decisions, infeasible
decision estimates, etc., were arbitrarily determined.
However, they were consistently applied for both ASO
and 1SO to minimize differences in results not directly
related to either method. Furthermore, since the com-
parison is hypothetical, the input realizations that
were used for comparison of the ASO and IS0 decision
estimates were randomly generated from the same gener-
ator used in both the ASO and ISO. Therefore, only the
relative suitability of the methods may be determined.

Problem - The system used in this study is the
same single reservoir model described in Chapter II.
The system parameters were changed somewhat to see if
the assumption of Eq. 7 was still good for a broader
class of problems. The inflow time series isnow rep-
resented by a data generation model which is a Markov
model of order one with periodicities over the year
(12 months) in the mean, standard deviation and first
order correlation coefficients.

A i@
* l.p].,i‘l El] ci"'ui (31]_

1 - U.
i-1 i-1

I = I(..—-——-—-—.——) p .
i 9.1 1,i-1

All parameter values, except for the correlation coef-
ficients are the same; see Tables 1 and 2. The 12
values for the lst serial correlation coefficient are
given in Table 5.



The system performance is measured with the benefit
function of Table 3, but weighted according to the
following equation.

(32)

In the above equation, bd is the base benefit obtained

from outflow d in Table 3 and Wy is the weighting

coefficient for benefit in month j
stage i) in Table 6.

(corresponding to

TABLE 5

FIRST SERIAL CORRELATION COEFFICIENT FOR
MODEL FOR EQ. 31

JAN FEB MAR AFR MAY JUN JUL AUG SEP OCT NOV  DEC
1 2 3 4 5 6 7 8 9 10 11 12
-1160 . 1379 .1829 .2696 .2930 .3220 .3011 .3105 .2542 .1947 .1360 .1041

TABLE 6

WEIGHTING COEFFICIENT FOR EACH MONTH USED TO
DETERMINE THE BENEFIT FUNCTION

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC

1 2 3 4 5 6 7 8 9 10 1 12
22 2 2 2 8 § 4 49 % 2 2 2

As before, the operation horizon is 120 months and
the initial state is g = 10. There is no salvage
value assigned to the system and no end condition on
storage in the reservoir. The deterministic optimiza-
tion technique used is still dynamic programming. The
starting stage of operation is February.

Modified Application of the Optimiaaiion Technique-
For this system it was desired to determine whether or
not the modified application of the optimization tech-
nique could be made. In other words, Eq. 25 for k25,
was to be tested as a hypothesis. To test this hypoth-
esls, 25 input realizations of 120 stage length were
generated  independently, 5 for each value of k
(k =1, 2, 3, 4 and 5). Using k stages for the ROHAES,
optimizations were performed on each of the 5 time
series for each value of k to obtain values for the
total benefit. Also, 120 stage optimizations were
performed on each of the 25 time series to obtain the
maximum total benefits. The relative total benefit for
each optimization was calculated and appears in Table 7.
The procedures outlined in Chapter IT were applied to
these data. The value of the test statistic was T = 0
and the hypothesis of Eq. 25 was accepted at all levels,
Y, within the available tables.

Since the assumption of Chapter I1 is accepted,
then the question remains, "which k to use in the
modified application of the optimization technique?"
To achieve a high level of probability in obtaining
optimum or near optimum results, the ROHAES was selected
to be k = 5 stages for future use. From the data in
Table 7, one can be sure of obtaining at least 98 per-
cent of the true optimumby using the modified applica-
tion of the optimization technique with the ROHAES = 5,
instead of using conventional applications.
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TABLE 7

ORDERED VALUES OF RELATIVE TOTAL BENEFIT (RELATIVE
TO MAXIMUM TOTAL BENEFIT) OBTAINED WITH THE MODIFIED
APPLICATION OF THE OPTIMIZATION TECHNIQUE WITH
ROHAES = k, FOR 25 RANDOM INPUT REALIZATIONS

k 1 2 3 4 5
L7995 8992 9466 L9716 .9878
.8000 .9037 .9498 .9761 . 9885
.8038 .9053 .9537 .9779 . 9885
. 8155 .9064 .9547 .9785 . 9887
.8167 .9091 .9606 .9799 L9913

Application of AS0 - The input model of Eq. 31 was
used to generate 10 input realizations over the next
five months starting with stage one. The 5 stage opti-
mization was performed for each of these realizations
and the initial (first stage) decision from each was
stored. From this sample of 5 stage optimum initial
decisions, that decision which appeared the most times
in the sample (representing the "most probable" deci-
sion) was selected (see Fig. 5). In case of a "tie"
the smallest decision value was taken. The input model
was then used to generate the first stage input for the
system. The most probable optimum decision was checked
to see that it was feasible and if not, it was changed
to equal the feasible value it was closest to. This
decision was then used together with the system state

and the input to operate the system for one stage,
placing it in a new state at the next stage. The input
used in the actual operation was stored. The above

procedure was then repeated for the second stage, the
third stage, etc. When the system reached the
117th stage, a 4 stage optimization was used; at the
118th stage, a 3 stage optimization was used, etc. The
sequence of inputs used in the actual operation were
stored for use in a later comparison with IS0. This
entire application of ASO was repeated for nine more
input realizations. Thus, the ASO was applied to 10
different input realizations with its ROHAES = 5. The
total benefit obtained from the resulting sequence of
decisions was calculated and appears in Table 8,
column 3, for all 10 input realizations. As a compara-
tive study, the ASO was also applied to 14 more input
realizations with its ROHAES = 1. The total benefit
obtained from the resulting sequence of decisions was
calculated and appears in Table 9, column 3 for all
14 input realizations.

Of the 24 input realizations that were randomly
generated, the ASO was not used exactly the same way
for all of them. For 12 of the input realizations, the
ASO was applied as described above, using 10 sample
pointe to choose the "most probable" decision at each

stage. For the other 12 input realizations, the ASO
was applied as described above, except that J0 sample
pointe were generated at each stage for the choice of
the ''most probable' decision at each stage. The input

realizations are marked in column 1 of Tables & and v
as to which variation of the ASO technique wias used on
them.

Appliecation of 150 - The input model of L. 31
was used to generate 30 input realizations over the
entire 120 stage operation horizon. The 120 stape
optimization was performed for each of these realiza
tions and the entire optimum decision sequence  was



TABLE 8
COMPARISON OF RESULTS BETWEEN DETERMINISTIC OPTIMIZA-

TION, APPLICATION OF ASO (ROHAES = 5) AND APPLICATION
OF ISO FOR SEVERAL REALIZATIONS
Input True ASO 150
Time  Optimum Eq. 39 Eq. 40 Eq. 41 Eq. 42 Eq. 43
Series
Number Mean Square Error
Sample 8.0334 B8.0088 5.8199 5.3002 5.8669
Points
1 46602 45066 40306 40458 42192 42481 41397
(30} 1.000 0.967 0.865 0.868 0.905 0.912 0.885**
2 50952 49763 45520 457227 46092 47292 46116
(10) 1.000 0.977 0.893 0.897 0.922 0.928 0.905
3 48078 46379 41446 41622 43368 44174 43293
(10} 1.000 0.965 0.862 0.866 0.902 0.919 0.900
4 53455 51204 46335 46652 48250 48444 46403
(10} 1.000 0.958 0.867 (0.873 0.903 0.906 0.868
5 45524 44348 39668 40037 41468 42190 40941
(30) 1.000 0.974 0.871 0.879 0.911 ©0.927 0.8%9
6 46896 45750 40875 41196 43025 43667 42434
(30) 1.000 0.976 0.872 0.878 0.91¥ 0.931 0.905
7 46021 44687 39886 40019 41691 42314 40939
{30) 1.000 0.972 0.367 0.870 0.%06 0.91% 0.830
8 47578 46654 41529 41928 43575  44I10 42918
(10) 1.000 0.981 0.875 0.831 0.816 0.929 0.902
9 50542 49080 44369 44991 45963 46362 44791
(103 1.000 0.971 0.878 0.890 0.909 0.917 0.886
10 50493 48322 43155 43487 45412 45752 443120
(10) 1.000 0.957 0.855 0.861 0.599 0.906 0.874

*Total Benefit; **Relative Total Benefit

TABLE 9
COMPARISON OF RESULTS BETWEEN DETERMINISTIC OPTIMIZA-
TION, APPLICATION OF ASQ (ROHAES = 1) AND APPLICATION
OF IS0 FOR SEVERAL REALIZATIONS

Input True ASO IS0

Time Optimum Eq. 39 Eq. 40 Eq. 41 Eq. 42 Eg. 43

Series

Kumber Mean Sguare Error

Sample B8.0334 B8.0CE8 5.825% 5.3002 5.3669

Points
11 46090 36747 39671 39958 41777 42736 41022+
(10} 1.000 0.797 0.861 0.867 0.906 0.927 0.830**
12 50701 42263 44789 44980 46803 47084 45027
(10) 1.000 0.834 0.885 0.887 0.923 0.929 0.908
13 49185 39713 42850 43249 45093 45855 41188
(10)  l.o000 0.807 0.871 0.879 0.917 0.932 0.898
14 47684 37660 41202 41623 43658 44334 13604
(10) 1.000 0.790 0.864 0.873 0.916 0.930 0.514
15 48329 39182 43040 43294 44379 44848 43147
(10) 1.000 ¢.8i1 0.8%1 0.8% 0.518 0.928 0.893
16 47624 38408 41768 42108 43487 44515 42856
(10) 1.000 0.806 0.877 0.884 0.913 0.931 0.900
17 45540 35510 39199 39450 41386 42406 40855
(30)  1.000 0.780 0.861 0.866 0.90% 0.931 0.897
18 48218 39050 43103 43317 44193 44998 43385
(30) 1.000 0,810 0.094 0.8%8 0.917  0.933  0.300
13 47844 38156 42235 42416 43799 44943 43455
(3G) 1.000 0.798 0.833 01887 0,915 0.93% 0.508
20 46948 36743 40602 40955 42775 43335 415964
(30) 1.000 0.783 0.865 0.872 0.911 0.923 0.8%94
21 50094 41592 44247 44504 46121 46781 45154
(30) 1.000 0.830 0.883% 0.888 0.921 0.934 0.901
22 51256 42697 45415 45485 458315 46358 45114
(30) 1.000 0.833 0.886 0.887 0.904 C.914 0.880
23 49948 41034 43948 44122 45682 46218 43877
(30) 1.000 0.822 0.880 0.883 0.915 0.925 0.878
24 49830 40089 42507 42709 44750 45146 43942
(30) 1.000 0.805 0.853 D0.B57 0.898 0.%06 0.582

*Total Benefit, **Relative Tetal Benefit
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stored. Lach decision sequence was then used to operate
the reservoir for eachof the respective input realiza-
tions and the resulting state variable sequences were
stored. Thus, there were 30, 120 stage time series
realizations of inputs, optimum decisions, states and
month designations available for the multivariate
analysis. Since the nonstationarity of the inputs and
the benefit function was limited tovariation over only
12 months (i.e., the characteristics of the inputs and
the form of the benefit function repeat every 12 months),
the generated ''data" may be regarded as 300 values of

input, storage and optimum decisions for each month of
operation.
Performing the multivariate analysis required

determining the variables of importance, the functional
relationship and the method of estimation of parameters
in the relationship. Any comparison of results between
IS0 and ASO is heavily dependent upon the above selec-
tions. The selection of variables, functional form and
parameter estimations was limited in complexity to the
degree normally used in practice (40,48). Least squares
regression analysis was selected as the multivariate
analysis technique. Available to the writer was the
Bureau of Beclamaticn, BMDXBSR, nowlinear least squares
regression cnalysis computer program gs revised Dy the
C.8.U. Statistics lab in June, [870. The selection of
the significant variables was more difficult. Since
the input time serieswas represented by a Markov model
of order one, only the wvne previous inflow was con-
sidered important in determining the decision at a
stage. The relationship was also judged to be depen-
dent upon the monthof operation since there were peri-
odicities over the vear in the mean, standard deviation
and correlation coefficients of the input time series
and periodicities over the year in the henefit func-
tion. The relationship was also judged to be a func-
tion of the state of the reservoir. Thus, the follow-
ing equation was used in the multivariate analysis:

dg = £(s;5 T, £35)

ful? i)

In Eq. 33, j 1is the month

to stage 1i.

of the year corresponding

functional re-
difficult.

The selection of the
lationship for use in Eq.

appropriate
33 was the most

Instead of selecting only one relationship, several
were used:
gy =By * Pedy FhRels g Byl (34)
Ps Pg Py -
dy %8y % Baby —F Py g * Y (33)
dy = * s p. g (—--3”1 (36)
§ TRy iy et T ESOSER e
4 )
N 2nid -
dl =Pyt DPys; ¢t pin_l - L p£+5c05[ 3 ) (37)

205 2 2.
Py + Pyces(F) + peeos(ds; + pyeos(501

(38)

In Eqs. 34 through 38, the p signifies parameters to
be estimated in the multivariate analysis. The selec-
tion of the above functions was not made independently
of the regression analysis. First Eq. 34 was used, then
Eq. 35. The analysis indicated that all of the expo-
nents in Eq. 35 were very close to unity and so the
exponents were dropped for subsequent analysis. The
periodicities mentioned above prompted the cyclical



representations in  Eqs. 36, 37 and 38. In Eq. 37,
smaller cycles (harmonics]) were added but the improve-
ment (as represented by the mean square error of the
residuals) was small. In Eq. 38, the periodicity was

introduced into the other variables with little im-
provement. Of the five equations above, Eq. 37 gave
the best representation as shown in Tables 8 and 9.

The least squares regression results for Eqs. 34 through
38 are respectively:

d; = 0.010811 + 0.21223s, + 0.46711T; , - 0.039786j
(39)
dy = -0.037536 + 0.19900s;*17% + 0.483651]" 573
A
- 0.000823715° 0942 (40)
d, = 1.6462 + 0.13527s, + 0.247071.
i i i-1
s
- 3.0142 cos (:11'_;?-1 (41)
d, = 1.9707 + 0.12776s, + 0.193101,
i i i-1
- 3.3292 cos {2]“3) + 0.57219 cos (“1‘?)
- 0.070249 cos (35) + 0.91305 cos (53 (42)
5 ; ’ , 21
d; = 5.2671- (1.1288+0.1904s, + 0.225631, ) cos(fgl}
(43)
COMPARISON OF RESULTS
For every actual input realization that ASO was
applied to, - the results of the IS0 were walso applied

and the resulting total benefit was calculated. The
decision, at each stage of each realization, resulting
from the function used in each case (Eqs. 39 through
45) was checked to see that it was feasible and if not,
it was changed to equal the feasible limit it was
closest to. Therefore, since this procedure is common
to both ASO and IS0 as applied here, this procedure
does not bias the results in comparison of ASO with
IS0.  The 120 stage optimization was also applied to
each of the realizations to determine the true maximum
total benefit. The results of all optimizations are
presented in Tables 8 and 9 for ease in comparison. It

can be seen from inspection of Table 8 that the ASO
yields consistently higher total benefits, for the
actual input realizations considered here, compared
with IS0 and each of the relationships of Egs. 39

through 43,

Several statistical tests were performed on the
data of Tables 8 and 9 to study the results of ASO and
to compare ASO with I50.  Some of the following tests
are probably extraneous to most practical applications
of ASO, but were included here for information concern-
ing ASO.

Effect of Generated Sample Size at Each Stage in
450 - The first statistical test was made to see if
there was any significant difference in the ASO results
for this problem between using 10 sample points or
30 sample points at each stage to determine the most
probable decision. For the dataof Table 8 (ROHAES = 5],
the Mann-Whitney test (5) was applied to test the
following hypothesis:

17

i) 5,10
b e : 770 S
0 f 190 < a] | 120 < w]; for all ¢
(44)
3, 30 5,10
HI: P[_;l20 <] # P{_lz” < a]; for some o

In Eq. 44, Z #1 is the relative total benefit achieved

N
from AS0 applied over N stages with a ROHAES = k and
using m sample points at cach stage. To test the

above hypothesis, two random samples are taken and they
must be mutually independent samples. For the purposes

. k,m
here, the random variables, Z° are treated as con-

N
tinuous. Time series numbers 1, 5, 6 and 7 are used to
represent 2?530, and numbers 2, 3, 4, 8, 9 and 10 are

%910
used to represent L5y -

combined sample with a rank of 1 assigned to the small-

Ranks are assigned to the

est value. The test statistic is:
n
. -5, 30, nin+1)
T= ] R (230 )} - =3 (45)
i=1
& 5,30, . ) ; .
In Eq. 45, Ri[2120 ) is the rank of observation i on
Z?;SU assigned fromthe combined sample and n is the
size of the random sample for 2?530. If the test

statistic 1is less than the y/2 quantile or greater
than the 1 - v/2 quantile of the distribution of T,
then the null hypothesis is to be rejected. The value
of T is 15. For vy = .002, the critical region is
reject X, if T<0 or T>24. Thus, HO is accepted

at the y = .002 level. In addition, inspectionof the
distribution of T indicates HO is accepted at all

the tables down to and including y = .20.
Thus, one may say that there was no significant dif-
ference in using ASO with either 10 or 30 samples
points at each stage to determine the optimum operation
of the reservoir for this problem. The same test was

levels in

applied to the data of Table 9 (ROHAES = 1) and the
same results were obtained; i.e., the null hypothesis
was accepted at all levels in the tables. For this

problem then, eonsidering more than L0 points in  the
sample at each stage does net contribute anything more
for less) to the performance of the systemoperated using
AS0. From this point on, mno distinction will be made
between 10 or 30 points in the sample at each stage for
ASO and optimizations with the same ROHAES will be
treated as equivalent.

Effect of ROHAES in ASO - The second statistical
test was made to see if there was an increase in the
probability of obtaining high total benefits when there
was an increase in the ROHAES used in ASO. Recall the
example of the previous chapter. Using the modified
application of the optimization technique it was shown
that an increase in the ROHAES also incrcased the
probability of obtaining any desired fraction of the
maximum total benefit in the optimization. Here, an
analogous phenomenon is investigated. Using ASO the
test shows that an increase in the ROHALS for ASO also

increases the probability of obtaining any desired
fraction of the maximum total benefit. The Smicnov
2-sample test for independent samples is wused here
similar to the test for 5 samples of the previous
chapter. The hypothesis is,



Sy Ly
HO P[Z120 > al > P[Zlé0 > al
; (46)
Hl. not HU
The test was performed and the null hypothesis was

accepted at all levels, vy included within the tables.
Thus, an inerease 1in the ROHAES (from 1 to 5) does
increase the probabilityof obtaining any desired frac-
tion of the maximan total benefit in A4S0, for this
problem.

Comparigon of ASO with IS0 - The third statistical
test was made to see if the application of ASO gives
higher total benefits than the application of 150, for
the problem considered here. The Smirnov test (5) was
applied to the data of Tables 8 and 9. The first
10 input realizations (in Table 8) were used to rep-
resent the ASO results (with the ROHAES = 5) and the
next 10 input realizations (series 11 through 20 in
Table 9) were used to represent the IS0 results for
each of the fitted relationships (Eqs. 39 through 43).
The test was applied to two samples at a time, comparing
ASO with ISO for each equation. Thus, the test was
made 5 times. In all tests, the following hypothesis

was accepted at all levels, y within the available
tables:
B[232: > a] > P[Z % > a}; & = 59 43 (47)
120 120 ' TRk RN

*
In Eq. 47, ZNL is the relative total benefit obtained
from an N stage operation using ISO and Eq. %. Thus,
the observation that the ASO results (for a ROHAES = §5)
were conaistently higher than the IS0 results has been
substantiated in general by the above tests.

The total costs of the computer for this problem
if only one input realization was used (instead of 24)
and if the ASO with a ROHAES = 5 and 10 sample points
at each stage were used, are as follows. Altogether,
the ASO (including preliminary studies to test for con-
vergence in the optimization technique) cost about $25.
Of this, §8.75 was the cost of the actual application
of ASO for a single input realization which resulted
from a required computer storage/computer time of 21700
octal/100 seconds. The ISO (including all of the
studies of functions with least squares regression)
cost about §115. This cost included a computer storage/
computer time of 61100 octal/l1038 seconds for the
BMDX85R program and 25000 octal/71 seconds for the ISO
data generation with data storage on punched cards.
The cost of applying the IS0 results (Eqs. 39 through
43) was negligible.

DISCUSSION

Costs - The above figures may serve to give a
rough indication of relative expenses. For a single
input realization, ASO is clearly more economical.
However, the application of ASO in design, where many
input realizations need to be analyzed, would reverse
this picture., As mentioned above, the cost of applying
ASO here was about $8.75 per unit realization and the
cost of applying the results of IS0 was negligible for
each realization. If a large number of input realiza-
tions were to be analyzed in design, then ISO is clearly
cheaper. Thus, perhaps the greatest application of ASO
would be in practice, for an existing system with only
one input realization to contend with.

Of course ISO might do better in the operation of
the system if a better choice of variables and func-
tional form are selected to estimate the decision at
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cach stage. The results of this study only apply for
the functions actually used in ISO. Every effort was
made to be reasonable in the selection of the functions
and variables used in the regression. The high relative
total benefit obtained with the use of some of tae ISO
functions indicates that they were not poor choices.

Application of ESO - When considering the various
ESO techniques as applied to this problem, it becomes
obvious that ESO cannot be applied without considerable
problem reduction and/or alternate problem representa-
tion. For example if the ESO technique, as proposed
by Manne (29) was used on this problem, then all prob-
abilities of making decision d with an inflow I, a
state s, at stage i, would have to be found. For
this problem, there are 51 possible decisions, 26 pos-
sible states and inflows and 120 stages. The number of
variables to solve for would then be 51x26x26x120
= 4,137,120 variables. Of course, this number would be
greatly reduced by the feasibility constraints that
would be imposed on the problem. Even so, the number
indicates that the degree of complexity is great. 1In
lieu of making simplifying assumptions, this problem
cannot practically be worked with this method. Other
ESO techniques could be used which would solve for
decisions on a stage by stage basis. However, all ESO
techniques require the probability distribution for
inflows at each stage. Thus, . an alternate problem
representation would be necessary for the application
of any ESO technique. Furthermore, there is no assurance
of achieving the maximum total benefit, only the max-
imum expected total benefit.

One large restriction with most applications of
ESO is that the variables in the problem are represented
by a small number of discrete values. With ASO, this
restriction is lifted and computer storage that would
be reserved for the optimization in ESO is now available
for system representation with many discrete values in
AS0.

Complex Systems - If the problem as stated was a
little different, then applications of ESO and ISO are
not at all feasible. The problem was selected so that
ISO could be applied in addition to ASO without exceed-
ing computation feasibility requirements determined by
available funds. However, if the input time series
nonstationarity extended over the entire operation
horizon (instead of only periodicities over the year)
then ISO would require analysis of each of the
120 months. Thus, enough input realizations would have
to be generated and optimizations performed so that
"enough'" data points for each of the 120 months are
obtained. For example, if 300 data points for each
month were desired (as in the above problem), them 300
(120) stage input realizations would be needed for the
optimizations. Thus, for this problem, the data genera-
tion of inputs, optimum decisions, states and month
designations would require 10 times the computer time
as above. In addition, the multivariate analysis would
require a computer storage that would be infeasible.
However, the requirements and execution of ASO would
not change one iota. Similarly, if the operation hori-
zon was 50 years instead of 10 years and nonstationarity
over the entire operation horizon were present in the
input time series, then ISO computer requirements would
increase proportionally, whereas ASO would only consume
5 times the amount of computer time.

Finally neither conventional ESO techniques nor
IS0 techniques could handle this problem if new infor-
mation (available at each stage of operation) were to
be used in the problem. However, ASO is adaptive and
since the stochastic optimization proceeds one stage at
a time, new information available at each stage can be
utilized in the models.



CHAPTER IV

MODIFIED OPTIMIZATION VARIATIONS

The purpose of this chapter is to illustrate how
well the techniques perform by looking at variations
in the single reservoir problem. The modified applica-
tion of the optimization technique, as described in
Chapter II, was applied to eleven variations of the
reservoir problem. These variations are described in
detail below. The ASO was not applied, since it would
have involved lengthy computation and since it was
felt that the following results are representative of
ASO performance.

As an indicator of how '"well" the modified appli-
cation of the optimization techniques performs, the
average relative total benefit is used. By comparing
different values of this measure, the relative effect
on the optimization results canbe assessed for changes
in the problem. The problem was varied by changing the
annual mean of the inflows and the annual standard
deviation in the data generation. Furthermore, the
shape and location of the benefit function were changed.
The results of all optimizations are plotted and sig-
nificant trends are noted and discussed. The probable
implications for future problem variations are also
discussed. The studies of this chapter are offered not
as an exhaustive definition of all problem changes,
but as an indication of suitability of the methods for
typical single reservoir problems.

APPLICATION
The system used in the following studies is the
same single reservoir model described in Chapter II.

The the

the

inflow time series is again represented by
first order Markov model with periodicities over
year (12 months) in the mean, standard deviation and
first order correlation coefficients; see Eq. 31. The
system performance is again measured by a simple bene-
fit function, as was done in Table 3, with no weights
applied to it each month.

As before, the initial state is set at s = 10,
but the operation horizon is now set at 50 months
instead of 120 months, to reduce computations. There

is no salvage value assigned to the system and no end
condition on storage in the reservoir. The determin-
istic optimization technique used is dynamic program-
ming.

The modified application of the
technique was made to the systems operation for each
of eleven sets of system parameters. The first set
included the monthly means and monthly standard devia-
tions of Table 1 which are plotted as broken-line
curves "A" in Figs. 6 and 7 respectively. The first set

optimization

of parameters also included the benefit function of
Table 10 of '"normal" shape withits maximum at d = 15.
For convenience of notation this is referred to as

shape one, location 15 and this is plotted as the
broken-line curve in Fig. 8. The other sets of system
parameters which were used are described in Table 11
with reference made to Figs. 6, 7 and 8. For each set,
the new application of the optimization technique with
a ROHAES = 5 was applied to 30 randomly generated input
time series. Thus, 330 input time series were analyzed

altogether. For each series, the actual total benefit
was calculated and divided by the true maximum total
benefit.
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TABLE 10

BENEFIT, bi FOR DECISION, di

DECISION 0 1 2 3 4 5 6 7 8 9 10
BENEFIT 262 350 386 424 450 506 550 586 600 620 664
DECISION 11 12 13 14 15 16 17 18 19 20 21
BENEFIT 694 702 714 722 724 720 714 698 676 662 644
DECISION 22 23 24 25 26 27 28 29 30 31 32
BENEFIT 616 600 574 540 526 500 478 460 414 382 350
DECISION 33 34 35 36 37 38 39 40 41 42 43
BENEFIT 314 246 182 150 132 116 100 92 86 78 70
DECISION 44 45 46 47 48 49 50
BENEFIT 64 56 48 40 32 24 16
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FIG. 7. MONTHLY STANDARD DEVIATION SERIES OVER THE YEAR.

The ordered values of the relative total benefit
for all optimizations are presented in Table 12.  The
mean relative total benefit and the standard deviation
of the mean were calculated for each sct and appear at
the bottom of Table 12. The mean values are approxi-
mately normally distributed (by the Central Limit
Theorem) and so two standard deviations, centered on
the mean represent roughly a 70 perecent confidence
interval. The mean values #* onc standard deviation are
plotted in Figs. 9, 10, 11, and 12 for convenience. The
standard deviation may thus be interpreted as a measure
of estimation error.
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TABLE 11

DESCRIPTION OF DATA SETS USED IN PROBLEM OPTIMIZATIONS

Set Mean  Standard Deviation  Benefit Function
Number Series Series Shape Location
1 A A one 15
2 1/3 A A one 15
3 2/3 A A one 15
4 A 1/2 A one 15
5 1/3 A 1/2 A one 15
6 2/3A 1/2 A one 15
7 A A one 10
8 A A one 5
9 A A two 15
10 A A two 10
i1 A A two 5
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FIG. 9. EFFECT OF CHANGING THE INFLOW MEAN, CURVE 1.
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TABLE 12

ORDERED VALUES OF RELATIVE

TOTAL BENEFIT

Data Set Nos, 1 2 3 4 5 L] T 8 9 1a 11
Plotting
Position
L0333 L9964 .9878 ,9973 .9968 .9985 .9974 .9934 .9989 .9677 .9755 .9851
D667 L9968 .9979 ,9973 .9973 ,9985 .9976 ,9937 .9990 5679 .9E26 ,9912
L1000 L9968 9979 .9977 .9973 ,09B6 9978 .9942 ,9995 9695 9837 .9017
1333 L9969 .9981 .9977 .9974 ,9986 .97 .994% .99%6 .9706 .9843 .9919
L1667 +9969 .00B1 .9977 9974 .G988 .99B0 .9956 .9996 .9T711 .9847 .9929
L2000 L8070 .9981 .9981 .9975 .9989 .9980 9956 .9997 9714 9868, .9933
.2333 ,9970 9982 ,99B1 .9975 .9989 .9981 .9957 ,9997 .9717 .9879 .9933
. 2667 L9971 (9983 .9981 9975 .9990 .998]1 .9954 9997 .9722 .9EET .9042
<3000 L9971 .5983 .99B2 .9976 .999]1 .99827 .9960 .9998 9731 .S&ET _9943
L3333 L9872 (9985 .95B3 .9976 .9991 5982 .0560 0998 09747 (D685 9944
L3667 L9977 9985 ,9983 ,9976 9991 9042 0960 .9998 ,9773 .9890 .9945
- 4000 L9977 (9985 (0983 (9976 .9002 9043 .9861 .9998 9789 .9906 .994B
.4333 .9977 9986 ,9983 .9977 .9992 .9983 .9964 .9998 .9797 .9913 .9950
L4667 -9977 9986 D984 0978 9993 9583 9965 9999 .9798 .9915 .9954
.5000 L9978 .5988 .55984 .0978 09953 .9983 9966 ,9999 .9B0O0 9919 9955
L5333 L9978 9988 9984 ,9978 0093 .9984 ,9975 .9999 .SB01 .9924 9963
5667 J99TE (098 0084 9979 90953 0084 0075 9999 _9810 .9%25 .9967
- 6000 9979 5989 (6985 9979 .9003 9086 0976 9999 9816 9931 9973
.6333 L9980 .9989 9985 ,9979 .9993 .9986 .9977 1.000 .9821 9931 .9975
B667 JH9R0 0989 (9985 0980 .99%4 9936 0977 1,000 ,9829 9935 ,9978
. 7000 L9981 ,9992 9987 .90R0 .9996 9087 G980 1.000 .9834 9040 .9980
- 7333 L99B1 _5593 .9987 .0981 9096 .9037 9080 1.000 .9E36 .9942 G983
< T667 L9981 L9993 9587 (9953 .99%7 .9987 .9980 1.000 .9845 .9%43 .9983
.B000 L9982 .99%4 8987 .9983 ,9997 0088 ,9982 ).000 .9B50 9967 9986
.8333 L9983 0996 .0989 0983 0907 D088 0084 1.000 .9855 0572 9966
8667 L9983 ,9996 9990 .9083 1.000 .9988 .9984 1.000 .9862 .9972 ,9992
. 9000 L9983 59996 .5990 .9983 1.000 .9990 .4984 1,000 .9864 9973 .9977
. 9333 9984 .9996 .9997 .9983 1.000 .9951 .9989 1.000 .9866 9973 .9977
9667 «O9B5 5997 9993 .9957 1.000 .9991 ,9085 1,000 .9872 9876 1.000
1.000 L9985 1.000 .9993 .9987 1.000 .9993 .9996 1.000 .9932 .9998 1.000
Mean L9977 (9988 .9984 .9978 .9993 .9984 .9965 .9998 .9792 .9%13 .5959
Standard De-
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DISCUSSION
All of the relative total benefits calculated in
Table 12 are high, indicating that the optimization
technique did well in all cases. Closer inspection

reveals that there are several interesting trends which
appear significant.
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As the annual mean or annual mean/reservoir

capacity ratio decreases, by using each of the three
sets of values in Fig. 2 with other things constant,
the mean relative total benefit appears to increase
slightly; see Fig. 9. The ratio values were picked to
be 2.046, 1.364 and 0.682 indicating that the technique
works well in a range of ratio wvalues and slightly
better for small values. This study was repeated for
a standard deviation series set at half of the previous;
see Fig. 7. In Fig. 10, the same gualitative results
were obtained. It appears that in general, the modi-
fied application works better when there is less varia-
tion in the input time series and possibly when the mean
inflow is small.

The average monthly mean/reservoir capacity ratio
is obtained from the annual mean/reservoir capacity
ratio by dividing by 12. Thus, the average monthly
mean/reservoir capacity ratios corresponding to the
annual mean/reservoir capacity ratios listed in Fig. 6
are respectively: 0.1705, 0.1137 and 0.0568. The
benefit function of shape one, location 15 was used for
all results appearing in Figs. 9 and 10. The location
of 15 corresponds to a relative release {di divided by

reservolr capacity) of 0.600. Thus, it may be that in
addition to variations of inflows, the discrepancy
between the average inflow and maximum benefit location
also affects the efficiency of the technique. Perhaps
then, the closer the average inflow is to the peak
location of the benefit function, the better is the
modified application. This cannot be deduced from
these plots but the effect seems to appear again later.

As the location of the benefit function decreases,
the mean relative total benefit appeared to increase.
This was true for both the shape one and shape two
(Fig. 8) benefit function. In Fig. 11, a simple curve
could not be drawn through the points because of esti-
mation errors but in both Figs. 11 and 12, the maximum
mean relative total benefit occurred for the smallest
location value. The shape of the benefit function
appears to have a marked influence on the results.
For the "narrower" shape in Fig. 8, the mean relative
total benefits are consistently poorer than those
achieved using the "wider'" shape. Although this seems
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reasonable, it is evident that the modified application
still yields high values for the mean relative total
benefit (greater than 0.95 in all cases studied) with
a ROHAES equal to 5 stages.

It is interesting to note again that the results
of Figs. 11 and 12 can also be interpreted as before.
The monthly mean series A and monthly standard devia-
tion series A werc used for all results appearing in
Figs. 11 and 12. Thus, the average monthly mean/reser-
voir capacity ratio was 0.1705 in all cases. As the
relative release approaches this value (0.6, 0.4and 0.2)
in both Figs. 11 and 12, the mean relative total bene-
fit increases markedly. It appears then that smaller
discrepancies between mean inflow and benefit peak
location yield better results for the modified applica-
tion.

Furthermore, the benefit
interpreted as a contract level. The failure to meet
this contract level decreases the benefits; thus the
peak of the benefit function falls at the contract
level. The maximum benefit over the operation horizon
is realized when the contract level approaches the mean
inflow as has been shown by others (47) and which can
be seen from inspection of Table 13. Table 13 contains

peak location may be

the unordered values of the maximum total benefit

(obtained by conventional dynamic programming) which

corresponds to the last three columns in Table 12,

TABLE 13
UNORDERED VALUES OF MAXIMUM TOTAL BENEFIT

Data Set No. 9 10 11
13078 23118 35900
11258 22424 35386
13772 22928 35218
10672 23400 35430
11520 23978 35222
12322 21460 35568
13514 23084 35132
12584 24732 35374
11952 22768 35952
11582 20252 35890
13556 234356 35330
10410 24292 36010
12584 24846 35770
10610 21588 35480
14126 225944 35730
10826 21512 35572
14574 20332 35510
11366 24430 35772
14342 21668 35760
11582 23114 35712
10780 21114 35920
10718 23906 34886
12168 24420 35230
10502 23948 35620
13278 23848 35632
12214 25582 35630
11890 23740 35600
11690 21276 35522
12106 22456 35610
11798 23018 35292

Mean 12112 22987 35555

Benefit Location 15 10 5

(Relative Release) (.6) (.4) (.2)

Therefore, it seems handy that the best performance of
the modified application appears to occur at or near
the optimum contract level (in relation to the inflow
mean) .



CHAPTER V

SUGGESTIONS, COMMENTS AND CONCLUSIONS

The purpose of this chapter is to present a few
ideas for further research and to make a few comments
on the ideas in this study that have not already been
made.

Suggestions for Further Study - In the development
of ASO and in the problem application of AS0, in
Chapter III, the decision at each stage was selected
as the "most probable' from a small sample. Depending
upon the problem at hand, this may not be the best
decision to'use. Various weighted averages obtained
from the sample may be better. A topic for further
research would be the investigation of various selection
rules,

In the problem application of ASO presented here,
a sample size of 10 was used at each stage of the
operation/optimization. Future research might investi-
gate the effect of the sample size in conjunction with
various selection rules for given problems.

The application of ASO presented here was made to
a fairly simple problem so that ISO could also be
applied for comparison. Future research might consider
the application of ASO to much more complex systems
involving both multivariate states and multivariate
decisions.

In the generation of a sample of optimum one stage
decisions at each stage in ASO, the effect is to fore-
cast the optimum decisions to use directly, and not
just forecast inputs. As more stages into the future
are considered to find the sample points, the probabil-
ity of achieving the optimum decision increases.
However, the reliability of forecast may be declining.
ASO and the modified application of optimization tech-
niques might be used in future research to investigate
the balance between forecast reliability and the prob-
ability of obtaining the optimum (or suboptimum)
operation for various systems.

It was found in studies not included here, that
both the modified application of optimization techniques
(Chapter II) and ASO (Chapter III) gave total benefits
consistently closer to the true optimum for increasing
values of the ROHAES. This was illustrated for the
modified application of optimization techniques in
Fig. 1 and for ASO in the test of Eq. 46. Therefore,
both techniques can be made as close to optimum as
could be desired by increasing the ROHAES. However,
computation costs also increase with an increasing
ROHAES and the value of the ROHAES must be chosen to
satisfy some criterion of acceptance. Such a criterion
might be as follows. From preliminary studies, esti-
mates of the total benefit obtainable with either
technique (depending upon the situation) can be deter-
mined as a function of the ROHAES. For increasing k,
the point where the increase in computation costs
exceeds the increase in total benefit obtained gives
that value of k for the ROHAES where further increases
do not increase net returns. There are certainly other
criteria for selecting the ROHAES which may prove
superior and worthwhile of investigation.

General Comments - The framework for considering
optimization problems and stochastic optimization prob-
lems, as presented in Chapters II and III, seems to be
a good way of considering methodologies. It is suggested
here, that the framework might have use in the future

« when further research is made into both deterministic
and stochastic optimization methodologies.
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As mentioned in Chapter II, the operation of a
system in practice often extends past the original
design period. Instead of scrapping the system, opera-
tion continues after the end of the design horizon. In
the past, to find the optimum operation for a system,
a fixed operation horizon had to be considered. By
using either the new application of optimization tech-
niques or ASO, operationmay proceed indefinitely while
operating near optimum. Thus, the design period is not
necessary in finding optimum operation.

The advantage of either methodology, over existing
techniques, of adaptability was not illustrated in any
of the applications presented herein. This advantage
enables the engineer to incorporate new information
on the system, its inputs, its environment, etc. into
the ongoing decision process. This continued updating
enables one to operate a system efficiently without
incurring the high computation costs of repeating an
entire earlier study (see "adaptive alternative' in the
schematics of Figs. 4 and 5).

Corments on the Modified Application o) Optimization
Techniques - The degree of suboptimum performance
obtained through the use of the modified application
has been expressed as the ratio of the total benefit
obtained in the k stage optimization to the maximum
total benefit obtained from the N stage optimization.
For purposes of design and actual operation, results
could be expressed in another way. Suboptimum perfor-
mance could be measured strictly by the probability of
obtaining a desired fixed level of total benefits as
has been done with the use of ISO in the past (15).

The modified application of the optimization
technique may also be incorporated inte ESO. For
example, the maximization of the expected total benefit
for the system may result in a set of equations which
need to be solved for the optimum sequence. By con-
sidering only a few stages at a time instead of the
entire operation horizon, the dimensions of the set of
equations may be greatly reduced. Thus, the decision
(or decision probabilities) may be obtained, one stage
at a time, This application is similar to current
practice, only simplifying assumptions are used to
reduce the entire problem for a one time solution.

Commente on Alternate Stochastic Optimization - In
the generation of optimum one stage decisions at each

stage in ASO, the effect is to forecast the optimum
decision to wuse directly and not just to forecast
inputs. Thus, ASO may be regarded as a dynamic pro-

gramming decomposition with an empirical stochastic
optimization used at each stage of the decomposition.

In more complex water resource problems than were
considered here, ASO would be better than IS0 in achiev-
ing results closer to the optimum when the number of
independent variables required for the decision at each
stage is large. For example, if the input time series
was represented by a Markov model of order three or
there were several input time series, then the func-’
tional relationship used in the multivariate analysis
in ISO may require a large number of variables. The
same comment applies for an increase in dimension in
the state variable also. Thus, reasonably good results
from ISO may be intractable. ASO does not have this
difficulty and may be applied easily to even these
complex systems.



Alternate stochastic optimization will probably
have the most application in practice, rather than in
design, when the problems can be handled by IS0 also.
In practice, there is only one set of input realizations
to be concerned with, the ones which actually occur.

Conelusions - Computation requirements of optimi-
zation problems can be reduced by a modified applica-
tion of the deterministic optimization technique. More
complex analysis is possible without losing significance
of results since the computations are not reduced by
limiting the system models. The modified application
of techniques is possible for decomposable systems and
appears feasible for systems in the water resource
field.

For the single reservoir problem considered here,
very close-to-optimum results were achieved using the
modified application. The illustration of the technique
indicates a method for determining the ROHAES and the
suitability of the technique for the single reservoir
problem. The modified application appears to have
promise with several different deterministic and sto-
chastic optimization techniques for reducing computa-
tion requirements.

The field of water resource systems
has used two main types of stochastic optimization.
Each has certain limitations which may be alleviated
somewhat with the use of an alternate stochastic opti-
mization technique. The alternate is feasible because

engineering
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of the use it makes

of observations on optimization
operation horizons.

For the single reservoir system presented, the
alternate stochastic optimization technique (with k=5)
was superior to implicit stochastic optimization for
the analysis performed here. The computation time and
storage were reduced, and the performance of the system
was judged to be better, for this alternate. Further-
more, the alternate was more suitable than explicit
stochastic optimization techniques for this problem.
For more complex problems, the alternate would offer
additional advantages, over both the implicit and
explicit techniques, with regard to system representa-

tion or use of complex deterministic optimization
techniques.
Both the modified application of optimization

techniques and the ASO methodology were designed to be
of use in practice for reservoir operations on existing
systems. Existing concepts have been combined in this
study to yield an engineering methodology that has
practical merit and that gives good operations for
existing systems.

The modified application of optimization techniques

was felt to qualitatively represent ASO also and was
used in a special study. The system parameters and
inputs were changed systematically to obserwve the

changes in the results
are that when the mean
level, the techniques
since this is also the

from the technique. Indications
inflow is equal to the contract
perform best. This is handy,
point of optimum contract level.
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APPENDIX A
ILLUSTRATION OF OPTIMIZATION COROLLARY

Suppose that an input matrix is specified. Instead
of performing an optimization over the N stages of
the project, the first stage decision 1is arbitrarily
specified. This also determines the first stage benefit.

d, = d

oy (=]

by = v(d;;s)51y) = v(d;8)3T5) = v (d)) = v,(d)) = B
(A-2)

Now, the second stage state vector and benefits function
may be calculated:

S, = wz(sl;ll;dl) = wz(sl;fl;dl) =8, (A-3)
V{dZ;dl;az;sl;bl;Ilj = v{dz;dl;az;s];bl;IlJ = vz(dzl

(A-4)

An optimization over the N-1 stages from stage 2

through stage N 1is to take place using the following
objective function:

B = 8(b)ibys..3by) = BB ibys...5by) (A-5)

The optimization is performed (to find the maximum
value of B) and the following results are then obtained:

d, = di; d3 = dé;"';dN = dﬁ (A-6)

by = vy(d,y) = v,(dh) = byiby = bij...iby = by (A-7)
Buax(d)) = B(byibyibLi.. . iby) (A-8)

The entire process (Eqs. A-1 through A-8) is then re-

peated for all feasible first stage decision vectors,

d1 = dl' The resulting maximum total benefit function
is determined:
Brax () = By (dy)s dy = dy U

Now, the first stage decision vector is selected which

gives the highest value of B oax This same first

stage optimum decision vector is obtained by the appli-
cation of the optimization technique over the project

for N stages, given the initial state vector $; =8
using the objective function:
B = B(bl, 2,....b ) (A-10)

The above statements were made for an arbitrary input
matrix and an arbitrary initial state vector. There-
fore, they are true for any input matrix and initial
state vector. The above behavior is possible because
of the way that the benefit function at a stage was
defined:
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b ,ib

= WARyiRg g nid iR iy yine i-1}

i % gaghnn

.;bl;Ii_l;Ii_z;.-.;Il) (A-11)

The function, v(-) does not depend upon any decisions
or state vectors in the future or upon any benefits or
inputs at present or in the future. Thus, the benefit
function at a stage can be completely determined as a
function of that stage's decision vector, since all of
the required variables are known at that stage:

. = d,;d PTG < R AR PR S , Ay
b: ¥4 i%j-1° ,d},sl i-1 sl'gl 1 D:-”
.;bl;Ii_l;Ji_g;...;Il] = vi[di) (A-12)
The above observations can be extended further. For
any input matrix and initial state vector, the first

i-1 stage decision vectors can be specified. An opti-
mization is performed over the remaining N-i+1 stages
using objective function:

B = S(Dl;oz;...;oi_l;bi;bi+l;...;bN) (A-13)

The optimization may proceed since the ith stage state
vector and benefit function can be determined in terms
of the previous decision vectors, state vectors and

benefits. After an optimization over N-i+l stages
from stage 1 through N with the objective function
of Eq. A-13, the following maximum total benefit is
obtained:

Bmax = ﬁ(ml;oz;...;bi_l;oi IR ;bN ) (A-14)
Note that in Eq. A-14, if the first i-1 decision
vectors that were specified had been the first i-1

optimum decision vectors froman N stage optimization,

then Eq. A-14 would have been:

B = s[b b*.b;,...-

max +3b%)

% (A-15)

b*-b* .
"oi"l’”

This is also the maximum total benefit obtained from
an N stage optimization. Thus, if all previous de-
cision vectors prior to a stage i were the optimum
vectors from an N stage optimization, then an opti-
mization over the N-i+1 stages fromstage i through
stage N would give the optimum decision vectors for
stages i through N that were also the same as those
from the N stage optimization. Therefore, the fol-
lowing set of decision vectors would be the same as the
optimum decision vectors obtained in an N stage
optimization:

-1 -2 2 1 Ll b g% . A%
iy O sl e L) (R O

(A-16)



APPENDIX B
REMAINDER SYSTEMS OPERATIONS

Given that the first i-1 decision vectors are
specified as [dl;d2 .;di-l) and the first i-1
input vectors are specified as [Il;rﬂ;"'iri-lj’ then

the system over the remaining operation horizon can be
treated as a separate problem. Note that:

8y = ¥y(ey3y3d))

= vileyi8y57,3,5d,3d))

therefore:

=d cid, o =d. 31, =TI ;1 =1

{dl F=11%1 1772 Dy e

13dy = dpieidy

R 1 = Ii-l;sl = g ) z S; = 8558, € Si (B-1)

Equation B-1 means that any feasible combination of the
first i-1 decision vectors together with the first
i-1 input vectors and the initial state vector yield
a value for the ith stage state vector which is within
the set of allowable state vectors. This result is
guaranteed by the definition of the system and its
inherent behavior. For convenience of notation, the
following statement represents Eq. B-1:

([d) 15 [Z)y_yisy = 8y) 35y = 8,38, €8, (B-2)

Furthermore, by Eqs. A-12 and B-2, the benefit function
at stage i 1is completely determined by the past:

([d);_13[T) 38y = 8)) b, = v, () (B-3)

Also, the benefit functions for future
partially determined by the past:

stages are

([d]y_ 3 [2]5 _qis; = &)

je1 = V(@y,3050dy qieeeid 38y i858y 3. i8)3by5

2V CRRSL LWL LIS
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and

yag ® VA3 403d5,03d5381,53814038430541305515,93T4)
Zhy = vidy; ;di;sh SEFEL R EREEELIER VIBEERRER ¥D)
Therefore, the optimization over stages i through

N given the first 1i-1 input and decision vectors and
initial state vector could be regarded as an optimiza-
tion over the N-i+l stages, from stage 1 through
stage N-i+l, given that:

51 =8 (B-4)
El F}[n ) (B-5)
hj = v(Dj; sDy3s.s i813bs_pieeeibyily g5 17051
= 1, N-i+1 (B-6)
B = s(bl, ,o 1,b s NJ N B(bl' ';bN-i+1)
(B-7)
In Eqs. B-4 through B-7:
%5 " S145-1
%5 Piviel
%5 7 disg-1
R P (B-8)

All statements made previously apply to the transformed
problem since it is the same type of problem as before,
Therefore, the statements made previously about the
optimum first stage decision can be applied to the ith
stage optimum decision given the first i-1 input and
decision vectors.



APPENDIX C 4
NEAR OPTIMUM SOLUTIONS

Since the total benefit obtained by any sequence
of decision vectors is always less thanor equal to the
maximum total benefit, for any input matrix, then:

L L

i -1

w arpak.oat, . ., : o gk N
By = B(AA55 iy g oid s i) S By (6-1)
Therefore:
L _ N, _ 3 N, _ " ) .
fw|BN = Byis, = slc ﬁu|BN 2 aByis) = s}; all &5 all 4
O<a<l (C-2)

This implies:

and if the assumption of Eq. 16 is made:

P[B: . B:fsl = 5] # 1; some keN (C-5)

then by Eq. 15:
P[B: = B:|sl= g] > P[B; = B:]s1 = g]; large %; some k;

N>k>L; all & (C-6)

Therefore, by Eqs. C-3 and C-6:

’ N L oN Ky Y Yoo .M
P(By 2 aBy|s, = 8] > P[By = Byls, = &]; all &; all &; PWN:ﬂMﬁ=sJ:H%1u%bl=ﬂ;mmem
some k; 3

Oza>1 (C-3) (C-7)
Note that:
S O<as<l; N>k»>&; all s

P[sk = BNJS =g] =1; k=N (C-4)
N N'T1 ¥ Equation C-7 is Eq. 17 in Chapter 2.
APPENDIX D
AN EXAMPLE OF MAXIMUM BENEFIT DIFFERENT FROM MAXIMUM EXPECTED BENEFIT
’ The following simple reservoir system is presented 0= Pd it X 1; all j; all s; all I; alld (D-4)
to show that there is a difference in the two sets of »8rla)
decisions achieved by maximizing the total benefit and
by maximizing the expected total benefit respectively. ) Pd AT P[I]; all s; all I (D-5)
Furthermore, the example will prove by contradiction ' S
that ESO results do not represent decisions which give
the maximum total benefit. 5P = (P 1 PI]; all &} all I
d dlslriz u ngvlll

Consider a simple reservoir which may be empty,

half full or full (3 states). Inflows into the reser- u efd,s,1,§ = 1f3; j = 2} (D-6)

voir may be either of three values: nothing, half the
capacity of the reservoir or the capacity of the res-
ervoir (3 values). Thus, the possibilities for release
are: 0, %, 1, 1% or 2 times the capacity of the reser-
voir. The states of the system are denoted as 0, 1 and
2 respectively; the possible inflows are denoted as
0, 1 or 2 respectively; and the possible decisions
(releases) are denoted as 0, 1, 2, 3 or 4 respectively.
The probability distribution of inflows at any stage
is %, % and ) for each of the possibilities respectively.
The initial state of the system is specified as an
empty reservoir. The benefit obtainable in each stage
is a function of the reservoir outflow (the decision)
and the stage. There are two stages in the operation
horizon. The benefit function is given in Table D-1.
The problem is to find that set of decisions which
maximizes the expected total benefit subject to the

system constraints. Restating:
maximize E[B] = J J J [ P v . (D-1)
d s I j d,s,l,j d,5,1,}
subject to: s = 0 when j =1 (D-2)
0<s+I-d=<2; all j (D-3)

In the above equations, P is the probability

d,s,1,]j

of the system being in state s, with an inflow I, and

a release d in stage j. Also, Vi e i is the bene-
= say

fit obtained from the system in state s, with an in-
flow I, and a release d in stage j. The optimiza-
tion procedure maximizes Eq. D-1 by finding values for
the probabilities Pd,s 1, which also satisfy the

constraints.

TABLE D-1

BENEFIT OBTAINED IN STAGE j, MAKING DECISION d

d/3 1 2
0 300 350
1 400 490
2 500 520
3 505 530
4 510 540




The set of linear equations were solved obtaining the

conditional decision probabilities £rom the above
probabilities:

P

d.s.L,]

p i » » 2 _
qa 481

In Eq. D-7, Pd|s 1, is the conditional probability
of releasing an amount d, given that the system is in
state s and has an inflow I in stage j. After the

problem was solved, the resulting conditional probabil-
ities were found to represent a pure strategy and gave
the following table of "optimum" decisions.

TABLE D-2

"OPTIMUM'" DECISICN AT EACIlI STAGE GIVEN THE STATE AND
THE INFLOW

1st Stage Decision

s/1 J 1 2
0 0 1 2
Znd Stage Decision
s/1 1 2
0 0 1 2
1 - = 5
2 - - =

The "optimum' decision sequence for each possible input
realization was determined from the above tables and
compared with the true optimum decision sequence which
gave the maximum total benefit for each time series.

The results are in Tauble D-3. It can be seen from
Table D-3 that maximizing the expected total benefit
does not alwavs give the same decisions as those

obtained by maximizing the total benefit for each input
realization. In fact, this example indicates that the
probability of getting the true optimum using explicit
stochastic optimization is only 13/16 for this partic-
ular problem.

TABLE D-3
COMPARISON OF DECISION SEQUENCES GIVEN BY MAXIMIZING

THE TOTAL BENEFIT WITH THOSE GIVEN BY MAXIMIZING THE
EXPECTED TOTAL BENEFIT

* L ke kW
(I1,12] p[I1’12] (dl,dzj (dl,d2 ) Agree
(0,0) 1/16 (0,0) (0,0) X
(0,1) 1/16 (0,1) (0,1) X
(0,2) 1/8 (0,2) (0,2 X
(1,0) 1/16 (0,1) (1,0)
(1,1) 1/16 (1,1) (1,1) X
(1,2) 1/8 (1,2) (1,2 X
(2,0) 1/8 (1,1) (2,0)
(2,1) 1/8 (2,1) (2,1) X
(2,2) 1/4 (2,2) (2,2) X
* #* LA * o o
P[[dl,dz] = {dl »dy )] = 13/16
*
where: d. = optimum decision at stage j given by
,1 maximizing total benefit
dj = "pptimum'' decision at stage j given by

maximizing expected total benefit
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APPENDIX E
NOTATION

base benefit obtained from systemoperation
with release d

benefit obtained from system operation in
the ith stage

benefit obtained from system operation in
the ith stage for transformed problem

ith stage benefit value resulting from
decision vector di = di and other previous
conditions

4!, the N-1
1

stage optimization (from stage 2 through
N) results for stage i; 1 = 2,...,N

values of b, resulting from

value of the ith stage benefit
from an N stage optimization

resulting

values of bjresulting from d;, the N-1
stage optimization (from stage i through
N) results for stage j; j>i, i = 2,...,N

total benefit obtained from system opera-
tion over N stages

total benefit obhtained from system opera-
tion over N-i+l stages for transformed
problem

total benefit obtained from system opera-
tion over k stages

total benefit for modified application
over an N stage operation horizon using a
ROHAES = k

maximum value of total benefit, B given
that the initial decision vector is dl

ith order Markov model coefficient between
the standardized values of month i-k with
month i-k+i

decision vector for stage i of the systems
operation

ith stage decision vector from an N-i+l
stage optimization over stages i through N

. N-j+1
=gand d. = d. 3
J J
value for the decision vector for stage i
of the systems operation

given that 5 O<j<i

value for the random variable, dt
values of d, from an N-1 stage optimiza-
tion over s%ages 2 through N, given that
Sy = 8y (b, = bl); i=2,...,N

value for the optimum ith stage decision
vector obtained from an N stage optimiza-
tion

values of dj from an N-i+l stage optimiza-

tion over stages i through N, given that
the first i-1 decisions resulted in these
benefits: (bl;bz;...;bi_l}; j»i; i=2,...,N
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[d].

1

@y

1

|

max

Pd,s,1,j

Pals,1,3

matrix of decision vector values for the
first i stages

matrix of optimum decision vector values
for the first i stages obtained from an N
stage optimization

decision vector for stage i of the systems
operation in the transformed problem

1st stage decision vector from an N-i+l
stage optimization over stages 1 through
N-i+l_of the transformed problem given

that $; = &
= cumulative distribution for the relative
Bk
maximum measure, -
BN

input vector for stage i of the systems
operation

input vector for stage i of the systems
operation for the transformed problem

maximum value allowed to the input in a
problem representation

value for the ith stage input vector, Ii

matrix of input vector values for the first
i stages

month of year corresponding to stuge i
(in Chapter III only)

number of stages in the operation horizon

output vector for stage i of the systems
operation

nth parameter in equation, to be cstimated
in a regression analysis (in Chapter 111
only)

= probability of system being in state s,

with input I, and output d in stage j

= conditional probability of making decision

d, given that the system is in state s and
has an input I in stage j

rank of observation i inanordered sample,
with rank = 1 for the smallest value

state vector for stage i of the systems
operation

state vector for stage i of the systems
operation for the transformed problem

value of the state vector for stage 1 of
the systems operation

value of the state vector for stage i of
the systems operation

reservoir storage capacity



space containing all allowable =state
vectors, .3 determined by the constraint

set and boundury conditions

general form of the benefit function

gencral form of the bencfit function for
the transformed problem

benefit obtained from svstem in state s,
with input 1 and output d in stage j

ith stage henefit funetion regarded as a
function of the ith stage decision vector

ith stage benefit function regarded as a
function of the ith stage decision vector
for the transformed problem

weighting coefficient for month j to
determine benefit for that month

relative total benefit achicved from ASO
applied over N stages with a ROHAES = Kk
and using a sample size at each stage = m

ohjective function over the N benefits
from every stage
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objective function redefined over the N
decision vectors from every stage

magnitude of Type 1 error in any statisti-
cal test
functional notation for the random
" k
variahle, di

independent stochastic component in the
ith month for the inflow

monthly mean inflow for the ith month

monthly standard deviation for the ith
month

ith order serial correlation coefficient
between the standardized values of month
i-k with month i-Kk+&

random event representing an entire input
matrix

functional rclation for the system state
in the ith stage with any variables of
previous stages, representing the systems
inherent behavior

sample spuce containing all input matrices
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